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Outline of 3 Days

Lecture 3: 2D quantum system
-topologically ordered system

-how it is related to quantum error correction codes
-how topologically protected quantum computation works



| Today’s topic
D)

4§/ Topologically ordered system in 2D
How it is useful for QIP

How topologically protected
quantum information is implemented

Keywords: Kitaev'’s toric code, logical operators,
topological quantum error correction
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What if your system has no
symmetry, such as the fermionic
parity preservation?
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rg Recall: stabilizer codes

Pauli group: P,, = {*+1,+i} x {I, XY, Z}®"

Stabilizer group:  S,, C P,
S;,5,] =0, S =8;forall S;,5; €S,

Hermitian Abelian subgroup
stabilizer group is specified by the set of generators ({.5; }).

Stabilizer code states:
U) = 5;|P) forall S; €S,
Logical operators: commute with / independent of the stabilizer group
eX)S =(ZZ1,177) Lx =XXX,Ly=11Z

- {|000), [111)}  11z]111) = —|111), XX X]|000) = |111)
logical operators act nontrivially inside the code space



% 9 Kitaev’s toric code[Kitaev97]

Kitaev, Annals Phys. 303, 2 (2003)

/ Stablllzer operators:

face ( plaquette operator:

H Zl afz

ledf;
face (plaquette) operator:

By, = H X7 = X(0fr).

leé}’fk
These are all commutable.

(anti-commute)x2 @
= commute



9 Kitaev’s toric code[Kitaev97]

Kitaev, Annals Phys. 303, 2 (2003)

/ Stablllzer operators:

face ( plaquette operator:

H Zl afz

leof;

face (plaquette) operator:

By = H X7 = X(0fr).

lE@fk

These are all commutable.

For all faces and vertices, (anti-commute)x2 @
= commute

Az!@ — “I’>» Bk\‘lf> — “I’>




/7 " dim of stabilizer subspace
| = 2\(# of qubits - # of generators)
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Degeneracy of toric code

/ " dim of stabilizer subspace
| = 2/\(# of qubits - # of generators)

/'

#qubit = 1E| on NxNtorus = 2N?2 qubtt
#generator = (IF 1 +1V1-[2) » 2N2-2

—4-fold degeneracy = 2 logical qubits




D Degeneracy of toric code
(Q g y

// dim of stabilizer subspace
' = 2\(# of qubits - # of generators)

/'

#qubit = 1E| on NxNtorus = 2N?2 qubtt
#generator = (IF 1 +1V1-[2) » 2N2-2

—4-fold degeneracy = 2 logical qubits

IFI+I1VI-IEl=2-2g
Euler characteristic (g = genus)

#logical qubits=1E | - (IF| + 1V - 2)=2g

—# of logical qubit = 2¢g
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Logical operators

ogical operators:
commute with and independent
of stabilizer operators

‘ '
'
D
'
'
'
'
'
0
'
'
'
'
'
'
'
'

Even if a logical operator is deformed without

changing its topology, it acts on the code state in @
the same way.

- chains with the ends — error
- trivial cycle operator — stabilizer operator

* nontrivial cycle operator — logical operator

— The action of logical operators is characterized
by topology (homology class).



Toric code Hamiltonian[Kitaev

H=—J ZAi ZBk
7} k

stabilizer generators

* The g.s. is 4-fold degenerated.

* Robust against “any” local perturbation. In

order to act on the g.s. nontrivially, we need a
nonlocal operator wrapping around the torus.

— topological order



)» Stability against perturbations
(Q y ag P

)j local field terms
H:HTC_I_thXi_I_hZZZi

/8
S Z2 Ising gauge model
quantum/classical mapping (dual of 3D Ising model)

by Trotter-Suzuki expansion

nx
(1D) /
0.20 - |
. (I (I11)
topologically ordered
(Higgs phase)
0.10 “ , 'éelf—duality line
0.00 ~rr—rr ettt 3
0.00 0.10 0.20 hz
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Dictionary for QECC

and Topological order

guantum error correction codes

topologically ordered system

code subspace

correctability against errors
(code distance ad)

stabilizer generators

logical operator

errors

ground state degeneracy

robustness against local perturbation
(robust up to d-th order perturbation)

local term in Hamiltonian

the operator that specify the degeneracy
(SPT: symmetry & symmetry breaking)

excitations

locality and translation invariance

Toric code (surface code)

classical repetition code
(can correct either X or Z errors)

Kitaev model

Ising model (non-topological-ordered)
—SPT

— thermal stability/ information capacity of discrete systems/ exotic
topologically ordered state (fractal quantum liquid)
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Topological color code:
H. Bombin and M.A. Martin-Delgado, Phys. Rev. Lett. 97 180501 (2006).
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Topological color code:
H. Bombin and M.A. Martin-Delgado, Phys. Rev. Lett. 97 180501 (2006).

Clasification:

B. Yoshida, Annals of Physics 326, 15 (2011).
H. Bombin et al., New J. Phys. 14, 073048 (2012).
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Topological color code:
H. Bombin and M.A. Martin-Delgado, Phys. Rev. Lett. 97 180501 (2006).

Clasification:

B. Yoshida, Annals of Physics 326, 15 (2011).
H. Bombin et al., New J. Phys. 14, 073048 (2012).

Any local and translationally invariant topological stabilizer (Hamiltonian)

codes in 2D can be classified into multi-copies of toric codes with local
unitary operations.



Y» Toric code Hamiltonian[Kitaev
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H=—J ZAi ZBk
7} k

stabilizer generators

* The g.s. is 4-fold degenerated.

- Robust “any” local perturbation. In order to act
on the g.s. nontrivially, we need nonlocal
operators wrapping around the torus.

— topological order



Kitaev’s honeycomb model

A. Kitaev, Ann. Phys. 321, 2 (2006)

> Honeycomb model:

_/// c =~z Z_l Jy M Jz Z_.’I_

x-link y-link hnk

F oo :
” Juy Jy < J,

J2J2
eff — 16‘(] ‘3 ZKeft(p)K“lght(p)Xup(p)Xdown(p)

Toric code Hamlltonlan:

Hre = —J Y Zipy Zr(p) Zacr) Zucr) — I ) Xiw) Xr() Xaw) Xuw)
f

local unitary
transformation

A. Kitaev, Ann. Phys. 303, 2 (2003)



Is topological order

robust even at finite temperature?
or under decoherence?




1t 100000000) [00C11D000) [0T11111T0)

X, :eéff[?;;?n / domain growth ’ \
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1st

g.s.

> Unpaired Majorana fermion:

0000D0000) [00C11DO00) [0T11111T0)

X, :e;‘;j'_tf‘j;?” / domain growth ’ \

000000000 111111111)

Excitation (domain-wall) is a point-like object
— |ogical operator is a string-like (1D) object.
— No energy barrier

g.s.



Thermal instability of

topological order in 2D

// -:0-1-0-1--O-1-O-+-0O-i-

' QO O O O O O

anyonic excitation - O- paaiaat - O--+-O -1
(Abelian) O O @XO O O Anyon can move freely

D aveitation i OO O O-+-O-i-- - without any energetic penalty.
exmtahc;rglsci point-like O O O O O O
JoEL 101040 OOt
©Q O O O O O
1010+ O - OO
pair creation pair annhilation

ex0|tat|on /'

free propagatlon
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Thermal instability of
topological order in 2D

- O-4--0O-1-- O
anyonic excitation 2 Qi -Or-i- Ot O+ O+
(Abelian) O OX 0X X @X O  Anyoncan move freely
—excitation is a point-like OOOOOOOOO)?O without any energetic penalty.
object. 00O O @i -
0 0 0 O O%O
..O ....... .O .............

pair creation palr annhilation

ex0|tat|on /'

free propagatlon

=




@ Thermal stability of
((Q topological order

)j More generally...

Topological order in any local and translation invariant stabilizer
_/f Hamiltonian systems in 2D and 3D do not have thermal stability.

quantum error
correction
code theory

2D: s. Bravyi and B. Terhal, New J. Phys. 11, 043029 (2009). 4
3D: B. Yoshida, Ann. Phys. 326, 2566 (2011).
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Topological order in any local and translation invariant stabilizer
Hamiltonian systems in 2D and 3D do not have thermal stability.

quantum error
correction
code theory

2D: s. Bravyi and B. Terhal, New J. Phys. 11, 043029 (2009). 4
3D: B. Yoshida, Ann. Phys. 326, 2566 (2011).

Thermally stable topological order (self-correcting quantum memory) in 4D

by E. Dennis, A. Kitaev, A. Landahl, and J. Preskill,
J.Math.Phys. 43, 4452 (2002).

(Excitation has to be two-dimensional object for each non-
commuting errors, X and Z. —»4D)
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(see list of unsolved problem in physics in wiki)



Thermal stability of

topological order
> More generally...

Topological order in any local and translation invariant stabilizer
// Hamiltonian systems in 2D and 3D do not have thermal stability.

quantum error
correction
code theory

2D: s. Bravyi and B. Terhal, New J. Phys. 11, 043029 (2009). 4
3D: B. Yoshida, Ann. Phys. 326, 2566 (2011).

Thermally stable topological order (self-correcting quantum memory) in 4D

by E. Dennis, A. Kitaev, A. Landahl, and J. Preskill,
J.Math.Phys. 43, 4452 (2002).

(Excitation has to be two-dimensional object for each non-
commuting errors, X and Z. —»4D)

Existence/non-existence of thermally stable topological order (= self-correcting

guantum memory) in 3 or lower dimensions is one of the open problems in physics!
(see list of unsolved problem in physics in wiki)

Non-equilibrium condition (feedback operations) is necessary to observe long-live
topological order (many-body quantum coherence) at finite temperature.



Thermal stability of

topological order

This Is the reason why we
need quantum error correction
for quantum computer.



Topological
\__quantum error correction




eigenvalue = -1

X error

Errors are detected at the boundary of the error chain.



incorrect
error syndrome

eigenvalue = -1

X error

Errors are detected at the boundary of the error chain.



From the boundary information, we have to estimate
the most likely location of the errors.



From the boundary information, we have to estimate
the most likely location of the errors.



actual errors estimated errors






Error estimation

= actual errors + estimated errors — non-trivial cycle
/8

This changes the logical state unintentionally, and hence
the error correction fails.



errors syndrome = boundary of the error chain

— Maximize the posterior probability conditioned on the
given syndrome:

arg mgxp(E\S = OF)



errors syndrome = boundary of the error chain

— Maximize the posterior probability conditioned on the
given syndrome:

arg mgxp(E\S = OF)

— If the error distribution is identical and independent, then
the error of minimum weight is the most likely to occur.



errors syndrome = boundary of the error chain

— Maximize the posterior probability conditioned on the
given syndrome:

arg mgxp(E\S = OF)

— If the error distribution is identical and independent, then
the error of minimum weight is the most likely to occur.

— minimum-weight perfect match algorithm (MWPMA)

E. Dennis, A. Kitaev, A. Landahl, and J. Preskill, J.Math. Phys. 43, 4452 (2002).
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Error correction and
Spin glass model
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> Optimal error correction = maximizing posterior probability:
,7 arg max p(L|S)
. L
/ X Zising(1Jij 1)

partition function of random-bond Ising model

" [van den Nest-Dur-Briegel 07]
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[1]1H. Nishimori, Prog. Theor. Phys. 66, 1169 (1981).

[2]M. Ohzeki, Phys. Rev. E 79, 021129 (2009).

[3]C. Wang, J. Harrington, and J. Preskill, Ann. of Phys., 303, 31 (2003).
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Implemented by using only nearest-neighbor gates in 2D.
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Code performance noise
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Independent X and Z
errors with perfect syndrome
measurements.
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Independent X and Z
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(2 topological threshold values

j Code performance noise T
X
(radom-bond Ising): Dennis et al
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f Independent X and Z > J. Math. Phys. 49, 4452 (2002).
errors with perfect syndrome e &© M. Ohzeki,
measurements. +) Phys. Rev. E 79 021129 (2009).
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Phenomenological noise model
(random-plagette Z2 gauge):
Independent X and Z

errors with noisy syndrome

Wang-Harrington-Preskill,

Ann. Phys. 303, 31 (2003).
Ohno et al.,

measurements.
o Nuc. Phys. B 697, 462 (2004).
2.9-3.3%)
Circuit n0|§e model: Ay Raussendorf-Harrington-Goyal,
Errors are introduced by NJP 9, 199 (2007)
each elementary gate. . ’ .
o Raussendorf-Harrington-Goyal,
[O 75 /o] B Ann. Phys. 321,2242 (2006).




SUPERCONDUCTING QUBITS

Solving a wonderful problem

Superconducting qubits are used to demonstrate features of quantum fault tolerance, making an important step
towards the realization of a practical quantum machine.

Simon Benjamin and Julian Kelly Delft University
NATURE MATERIALS | VOL 14 | JUNE 20151562 'BM(ref.3)  (ref. 2) UCSB (ref. 9)
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w++++

Data qubit

o Measirement qubit

Parity checker (Z basis)
Parity checker (X basis)
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.
IBM:

Chow et al., Nat. Comm. 5 4015 (2015) UCSB+Google:
Kelly et al., Nature 519, 66 (2015)
Delft+Intel: Barends et al., Nature 508, 500 (2014)
a Riste et al., Nat. Comm..6 6983 (2015) @ [fidelities]

single-qubit gate: 99.92%
two-qubit gate: 99.4%
measurement: 99%
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Topologically ordered system in 2D
—Kitaev’s toric code, topological property, logical
operators

The relations between quantum error correction
and topological order/ spin glass model

How topological quantum error correction
works



