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Outline of 3 Days
Lecture 1: foundations of quantum computation 
-elementary gates and universal quantum computation 
-quantum algorithms 
-quantum stabilizer formalism (graph state, quantum error correction)

Lecture 2: 1D quantum system
-what is quantum phase  

-how it is useful for QIP

Lecture 3: 2D quantum system
-topologically ordered system 
-how it is related to quantum error correction codes 
-how topologically protected quantum computation works



Topologically ordered system in 2D 
!

How it is useful for QIP 
!

How topologically protected  
quantum information is implemented
Keywords: Kitaev’s toric code, logical operators, 

topological quantum error correction

Today’s topic



What if your system has no 
symmetry, such as the fermionic 
parity preservation?

In yesterday’s talk
Unpaired Majorana fermion is protected !
by symmetry.



What if your system has no 
symmetry, such as the fermionic 
parity preservation?

In yesterday’s talk
Unpaired Majorana fermion is protected !
by symmetry.

intrinsic topological order in D≧2



Pauli group: Pn = {±1,±i}⇥ {I,X, Y, Z}⌦n

Stabilizer group: Sn ⇢ Pn

[Si, Sj ] = 0, S†
i = Si for all Si, Sj 2 Sn

Hermitian Abelian subgroup

Stabilizer code states: 

| i = Si| i for all Si 2 Sn

Logical operators: commute with / independent of the stabilizer group
S = hZZI, IZZi LX = XXX,LZ = IIZ,ex)

{|000i, |111i}→ IIZ|111i = �|111i, XXX|000i = |111i
logical operators act nontrivially inside the code space

Recall: stabilizer codes

h{Si}istabilizer group is specified by the set of generators             .



Ai Bkqubit

These are all commutable.

(anti-commute)×2 "
= commute

Kitaev, Annals Phys. 303, 2 (2003) 

Stabilizer operators:

Ai =
�

l��fi

Zl = Z(�fi),

Bk =
�

l̄��f̄k

Xl̄ = X(�f̄k).

Kitaev’s toric code[Kitaev97]

face (plaquette) operator:

Ai =
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These are all commutable.
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Stabilizer operators:

Ai =
�

l��fi

Zl = Z(�fi),

Bk =
�

l̄��f̄k

Xl̄ = X(�f̄k).

For all faces and vertices,
Ai|�� = |��, Bk|�� = |��

Kitaev’s toric code[Kitaev97]
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Degeneracy of toric code

dim of stabilizer subspace!
= 2^(# of qubits - # of generators)
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Ai Bkqubit#qubit = |E | on N×N torus → 2N 2
#generator = (|F | + |V | - 2) → 2N 2 - 2
→4-fold degeneracy = 2 logical qubits

→# of logical qubit = 2g 

|F | + |V | - |E | = 2 - 2g
(g = genus)

#logical qubits= |E | - (|F | + |V | - 2)=2g 

Euler characteristic

Degeneracy of toric code

dim of stabilizer subspace!
= 2^(# of qubits - # of generators)
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Logical operators: !
commute with and independent 
of stabilizer operators
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Logical operators 

・trivial cycle operator → stabilizer operator

Logical operators: !
commute with and independent 
of stabilizer operators

・chains with the ends → error 

・nontrivial cycle operator → logical operator

Even if a logical operator is deformed without 
changing its topology, it acts on the code state in 
the same way.
→ The action of logical operators is characterized  !
by topology (homology class).



Toric code Hamiltonian[Kitaev97]

H = �J

 
X

i

Ai +
X

k

Bk

!

• The g.s. is 4-fold degenerated.
• Robust against “any” local perturbation. In 

order to act on the g.s. nontrivially, we need a 
nonlocal operator wrapping around the torus.

→ topological order

stabilizer generators



H = HTC + hx

�

i

Xi + hz

�

i

Zi

local field terms

Tupitsyn et al., PRB 82, 085114 (2010)

topologically ordered!
(Higgs phase)

quantum/classical mapping 
by Trotter-Suzuki expansion

Z2 Ising gauge model!
(dual of 3D Ising model)

Stability against perturbations
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Dictionary for QECC 
and Topological order

quantum error correction codes topologically ordered system

code subspace ground state degeneracy

Toric code (surface code) Kitaev model

classical repetition code !
(can correct either X or Z errors)

Ising model (non-topological-ordered)!
→SPT

→ thermal stability/ information capacity of discrete systems/ exotic 
topologically ordered state (fractal quantum liquid)

correctability against errors robustness against local perturbation
(code distance d) (robust up to d-th order perturbation)

stabilizer generators local term in Hamiltonian

locality and translation invariance
errors excitations

logical operator the operator that specify the degeneracy
(SPT: symmetry & symmetry breaking)



Topological color codes

H. Bombin and M.A. Martin-Delgado, Phys. Rev. Lett. 97 180501 (2006).  
Topological color code:
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x x
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z z
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Topological color codes

H. Bombin and M.A. Martin-Delgado, Phys. Rev. Lett. 97 180501 (2006).  
Clasification: !
B. Yoshida, Annals of Physics 326, 15 (2011).!
H. Bombin et al., New J. Phys. 14, 073048 (2012).

Topological color code:

x
x
x

x x
x
xxz

zzz
z
z

z z

Any local and translationally invariant topological stabilizer (Hamiltonian) 
codes in 2D can be classified into multi-copies of toric codes with local 
unitary operations.!



Toric code Hamiltonian[Kitaev97]

H = �J

 
X

i

Ai +
X

k

Bk

!

• The g.s. is 4-fold degenerated.
• Robust “any” local perturbation. In order to act 

on the g.s. nontrivially, we need nonlocal 
operators wrapping around the torus.

→ topological order

stabilizer generators



Honeycomb model:

Jx, Jy � Jz

dimerization

Hhc = �Jx

�

x-link

XiXj � Jy

�

y-link

YiYj � Jz

�

z-link

ZiZj

He� = �
J2

xJ2
y

16|Jz|3
�

p

Yleft(p)Yright(p)Xup(p)Xdown(p)

left right

up

down

HTC = �J
�

f

Zl(f)Zr(f)Zd(f)Zu(f) � J
�

v

Xl(v)Xr(v)Xd(v)Xu(v)

A. Kitaev, Ann. Phys. 321, 2 (2006) 

Toric code Hamiltonian:
local unitary !
transformation

A. Kitaev, Ann. Phys. 303, 2 (2003) 

Kitaev’s honeycomb model

z zz

z z
xy

x y x y

x y xy

z z
xy xy

xy xy
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Is topological order 
robust even at finite temperature? 

or under decoherence?



Unpaired Majorana fermion:

g.s.

・・・1st
domain growthexcitation

Thermal instability of  
Majorana chain

a1 a2 a3 a2N�1 a2N

Xi = a2i�1a2i

|0 0 0 0 0 0 0 0 0 i

|0 0 0 0 1 0 0 0 0 i |0 0 1 1 1 1 0 0 0 i |0 1 1 1 1 1 1 1 0 i

|1 1 1 1 1 1 1 1 1 i



Unpaired Majorana fermion:

g.s.

・・・1st
domain growthexcitation

Excitation (domain-wall) is a point-like object!
→ logical operator is a string-like (1D) object.!
→ no energy barrier

・
・
・

g.s.

Thermal instability of  
Majorana chain

a1 a2 a3 a2N�1 a2N

Xi = a2i�1a2i

|0 0 0 0 0 0 0 0 0 i

|0 0 0 0 1 0 0 0 0 i |0 0 1 1 1 1 0 0 0 i |0 1 1 1 1 1 1 1 0 i

|1 1 1 1 1 1 1 1 1 i



Thermal instability of  
topological order in 2D

GS
・・・1st

free propagationexcitation

anyonic excitation!
(Abelian)!

→excitation is a point-like 
object.

Anyon can move freely!
without any energetic penalty.!

X

pair creation pair annhilation
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Thermal instability of  
topological order in 2D

GS
・・・1st

free propagationexcitation

anyonic excitation!
(Abelian)!

→excitation is a point-like 
object.

Anyon can move freely!
without any energetic penalty.!

X XX X

X

X

pair creation pair annhilation
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Non-equilibrium condition (feedback operations) is necessary to observe long-live 
topological order (many-body quantum coherence) at finite temperature.

Topological order in any local and translation invariant stabilizer 
Hamiltonian systems in 2D and 3D do not have thermal stability.

Thermally stable topological order (self-correcting quantum memory) in 4D
by  E. Dennis, A. Kitaev, A. Landahl, and J. Preskill, 
J.Math.Phys. 43, 4452 (2002).

(Excitation has to be two-dimensional object for each non-
commuting errors, X and Z. →4D)

quantum error !
correction !
code theory

Existence/non-existence of thermally stable topological order (= self-correcting 
quantum memory) in 3 or lower dimensions is one of the open problems in physics!
(see list of unsolved problem in physics in wiki)

More generally...

Thermal stability of 
topological order

This is the reason why we 
need quantum error correction 
for quantum computer.



Topological  
quantum error correction



X error 

How errors are detected

eigenvalue = -1

Errors are detected at the boundary of the error chain.



incorrect !
error syndrome

X error 

How errors are detected

eigenvalue = -1

Errors are detected at the boundary of the error chain.



Error estimation

We don’t know about the actual location of the errors.

From the boundary information, we have to estimate!
the most likely location of the errors.



Error estimation

We don’t know about the actual location of the errors.

From the boundary information, we have to estimate!
the most likely location of the errors.



actual errors + estimated errors → trivial cycle

estimated errorsactual errors

Error estimation



Another estimation of the location of the errors.

Error estimation



actual errors + estimated errors → non-trivial cycle

This changes the logical state unintentionally, and hence !
the error correction fails.

Error estimation



errors syndrome = boundary of the error chain

→ Maximize the posterior probability conditioned on the !
given syndrome:!

Error estimation

argmax

E
p(E|S = @E)



errors syndrome = boundary of the error chain

→ Maximize the posterior probability conditioned on the !
given syndrome:!

Error estimation

argmax

E
p(E|S = @E)

→ If the error distribution is identical and independent, then !
! the error of minimum weight is the most likely to occur.



errors syndrome = boundary of the error chain

→ minimum-weight perfect match algorithm (MWPMA)

E. Dennis, A. Kitaev, A. Landahl, and J. Preskill, J.Math. Phys. 43, 4452 (2002).

→ Maximize the posterior probability conditioned on the !
given syndrome:!

Error estimation

argmax

E
p(E|S = @E)

→ If the error distribution is identical and independent, then !
! the error of minimum weight is the most likely to occur.
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single-qubit gate: 99.92% 
two-qubit gate: 99.4% 
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The relations between quantum error correction 
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