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& PaulifT?!
0 1 1 0 0 —i
X:<1 0) Z:<0—1) Y:(@- 0)

X AJ#2 (anticommute) : ZX = —X 7
e X/ =1Y

@ qubitic X9 B1EFE
X[0) =|1) X]|1)=10) (bit-flip)

Z|0) =[0) Z|1) =—|1) (phase-flip)

Y10) =ill) Y|1) = —1|0) (bit&phase-flip + global phase)




& PauliiT5!
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x=(Y0) z=(0 4) 7= (7 V)

X AJ#2 (anticommute) : ZX = —X 7
e X/ =1Y

@ qubitlc X9 B1EFE
X[0) =|1) X]|1)=10) (bit-flip)

Z|0) =10) Z|1) = —|1) (phase-flip)

Y|0) =4|1) Y|1) = —i|0) (bit&phase-flip + global phase)

@ PaulifT? | DEEBEREE (Pauli basis)
Z—10),11) X —=[+)=(|0)+[1))/v2,]-) = (|0) — [1))/V2
Z basis X basis
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Clifford;E &

S A

Clifford;E& : Pauli JEE ¥ % Pauli JEEFIcY v/

A=UBU"'

! !

PauliE&EF
— H}— =L(1 1> HXH = Z
Hadamard \/§ b=t

1 1 0

— S — =—( > SXST=Y
Phase \/§ 0




=)

Bloch sphere X ‘1>

b1

(10) —i1))/v2

e \\
T
0)



non-Clifford;8 &

mOBEHEOREL EFEDAEDOEZEIRTEARL,
yA

ETEDI1EFEY MNEEBRIT D 0HICE
non-Clifford;E&E HNINE,




non-Clifford;8 &

mOBEHEOREL EFEDAEDOEZEIRTEARL,
yA

ETEDI1EFEY MNEEBRIT D 0HICE
non-Clifford;E&E HNINE,




non-Clifford;8 &

nlc S FEEDAED[C

Lm
Lm

mDEBEEDC

L RITE R0,

Y

ETEDI1EFEY MNEEBRIT D 0HICE
non-Clifford;E&E HNINE,




non-Clifford;8 &

mOBEHEOREL EFEDAEDOEZEIRTEARL,
yA

ETEDI1EFEY MNEEBRIT D 0HICE
non-Clifford;E&E HNINE,




non-Clifford;8 &

mOBEHEOREL EFEDAEDOEZEIRTEARL,
yA

ETEDI1EFEY MNEEBRIT D 0HICE
non-Clifford;E&E HNINE,




non-Clifford;8 &

mOBEHEOREL EFEDAEDOEZEIRTEARL,
yA

ETEDI1EFEY MNEEBRIT D 0HICE
non-Clifford;E&E HNINE,




non-Clifford;8 &

nlc S FEEDAED[C

Lm
Lm

mDEBEEDC

L RITE R0,

Y

ETEDI1EFEY MNEEBRIT D 0HICE
non-Clifford;E&E HNINE,




non-Clifford;8 &

mOBEHEOREL EFEDAEDOEZEIRTEARL,
yA

ETEDI1EFEY MNEEBRIT D 0HICE
non-Clifford;E&E HNINE,




non-Clifford;8 &

mOBEHEOREL EFEDAEDOEZEIRTEARL,
yA

ETEDI1EFEY MNEEBRIT D 0HICE
non-Clifford;E&E HNINE,




non-Clifford;8 &

mOBEHEOREL EFEDAEDOEZEIRTEARL,
yA

ETEDI1EFEY MNEEBRIT D 0HICE
non-Clifford;E&E HNINE,




non-Clifford & &




non-Clifford & &

(3 —V5)m



non-Clifford & &

(3 —V5)m



non-Clifford & &




non-Clifford & &




non-Clifford & &




non-Clifford & &




non-Clifford & &




non-Clifford & &




non-Clifford & &




non-Clifford & &




non-Clifford & &




non-Clifford & &




non-Clifford & &




non-Clifford & &




non-Clifford & &




non-Clifford & &




non-Clifford & &




non-Clifford & &




non-Clifford & &




non-Clifford & &

(3—V5)m

HIBRE - EEOAE DELZMRLLBLSND.

-H
|




non-Clifford;&= &




non-Clifford;&= &




non-Clifford;&= &




non-Clifford;&= &




non-Clifford;&= &




non-Clifford;&= &




non-Clifford;&= &




non-Clifford;&= &




non-Clifford;&= &




non-Clifford;&= &




non-Clifford;&= &




non-Clifford;&= &




non-Clifford;&= &




non-Clifford;&= &




non-Clifford;&= &




non-Clifford & &

wege: T = e W/8)2




non-Clifford & &

weEE: T = e ((7/8)2
_

THTH = cos® g[—i [COS%(X—F Z) +singY} sing

(osﬁs' i osﬂ)
R R




non-Clifford & &

weEE: T = e ((7/8)2

THTH = cos® ~T — i [COS z(X + Z) + sin ZY} sin —
8 8 8 8
(Cosg,sing,cos g)

O

A~ 0 = 2 arccos [COSQ(W / 8)]

{H, T} 0BETEEMETFEY NEE%
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Solovay-Kitaev7ZJ)LdVU X Ln

Solovay-Kitaev(U,n)
If n=0, return basic approximation of U
else U,.;=Solovay-Kitaev(U,n-1)
VW st VWVIWi=UU7,.;
V.-1= Solovay-Kitaev(V,n-1)
W,.1 = Solovay-Kitaev(V,n-1)
Return VoW iVai™WuiTUp-

=» O(log“(1/e))

Dawson-Nielsen, QIC 6, 81 (2006)
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‘ 2ETFEY NMER

1 0 0 0 \I00

A(X) l 0 1 0 0 |0
0 0 0 1 |10)

V 00 1 0 /jn

CNOT (controlled NOT)
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CZ (controlled Z) o~ im /42122

7

)
; Kroneckerfa
)

=[0)(0| @ T+ |1){1| ® X



BEEFEIR
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@ Solovay-Kitaev 7L TV XL : {H, T} > FED1EF Y MNEE

€ CNOT + ERDIETE Y MNERE - EEOnEFTEY MNER
universal set {A(X), H, T}
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& Solovay-Kitaev 7L TJYU XL 2 {H, T}

€® CNOT+EFEDIEFEY NEE - EFEDOnE=FEY NEE

Toffoli gate universal set {A(X), H,T'}
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@ Solovay-Kitaev 7L TV XL : {H, T} > FED1EF Y MNEE

€® CNOT + EFREDIEFEY MEE - EFREOnEFEY MEER
universal set {A(X), H, T}
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51) ® |52) ® -+ ® |sp)
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24 ESqH—Rz

& nr=FEY NZ%:

S$14824...48n

‘¢n> — Z Csis5...8, ’3132 - e 3n>

v

51) ® |52) ® -+ ® |sp)

/NG A =Y DEUSEEBVICIEATULED.

MR K LRI B HE?
— Stabilizer T2,

D. Gottesman, Ph.D. thesis, California Institute of Technology (1997);

arXiv:quant- ph/9705052.




Pauli group, Stabilizer group

€ n-qubit Pauli group:

i) x {1, XY, Z1%" € P,




Pauli group, Stabilizer group

€ n-qubit Pauli group:

{::1,::’&} X {I, X,Y, Z}@m c P

& Stabilizer group S = {5;} | PauliB(TJL 3 — ) DA B
S;eP, S;=5 15,5]=0

W) (XX, Z2Z)={11, XX, ZZ,-YY}
stabilizer generator

even overlap Jz AJ#fix 2 =0J !



Stabilizer states

[Gottesman PhD thesis arXiv:quant- ph/9705052]

& Stabilizer state : I TDstabilizerrEEFS; € S T LT
Sz|‘I’> — “I’>

Zm I IRRE V).
- stabilizer group (EA[#EF/RD T, RAFENAELTE 5.
- stabilizer generator DEBIRREETHNIE T




Stabilizer states

[Gottesman PhD thesis arXiv:quant- ph/9705052]

& Stabilizer state : I TDstabilizerrEEFS; € S T LT
Sz|‘1’> — “I’>

Zm I IRRE V).
- stabilizer group (EA[#EF/RD T, RAFENAELTE 5.
- stabilizer generator D EHIREETH N IE+7.

B1) S, = (XX, Z27)
Bell state  (]00) + |11))/v/2
B2) Sy = (Z7)

{100), 11)} TR SN DA EEHRDEEDIREE.
— generatorDhiqubitfi &k O DEWE =,




Stabilizer state Ml

& Graph state

measurement-based quantum
computation (MBQC) ®D 1J Y —RXIKEE

[Raussendorf-Briegel PRL '01]



Stabilizer state Dl

& Graph state & Surface code (Toric code) state

O O sy Qe OO e
O

; . r"Q ..... O ie O ..... O"'
Q QZ O O Q Q O
...Q ..... O @(Q ..... o Q...
O O O )@ O O

@ © Q( :

rtex v

measurement-based qualmt\um gz Quantum error correction code/
computation (MBQC) DUV —RIKRE ground state of topologically orderd

[Raussendorf-Briegel PRL '01] system [Kitaev Ann Phys ’03]



Stabilizerfie X\ (Clifford;E &)

Clifford;&& : Pauli product %Z Pauli product I

— stabilizer state %z stabilizer state |C

[Heisenberg] [Schrodinger]
(S;) < > ! !
Sz!‘If> — "I’>
J |
Si=USU (9} « 1= U !

S/WT = |y



Stabilizerfie X\ (Clifford;E &)

Clifford;&& : Pauli product %Z Pauli product I

— stabilizer state %z stabilizer state |C

[Heisenberg] [Schrodinger]
(S;) < > ! !
Sz!‘If> — "I’>
J |
Si=USU (9} « 1= U !
S/|W = |

Clifford;&@&EF U DERR L, stabilizerrE8EF\DYEFE
S;! S =USU
ICK>TCEEREans,




Clifford;E &

1 /1 1
1= =ﬁ(1 _1> HXH = Z

Hadamard




Clifford;E &

_H_=i(1 1) HXH =Z
Hadamard \/§ b=l
Il _ L (1O

V2 \ 0 SXSt=Y

Phase



Clifford;E &

—H= - - (1 : ) HXH =7
il i _
Hadamard \/§ 1
_lel— _ L 1 0
2\ 0 SXSt =Y
Phase
A — o0 = 10)(0] @ I+ |1)(1] ® X
7 1 000 = X1+
A(X) 0 1 0 0 |on)
S 00 0 1 [10 X)X D)IF(X)y= X! X
5 NV 7 00 1 0 /)11 OO Z) (X) = 21 Z
CNOT (controlled NOT) ( )( ' ' — :




Clifford;&B &

—— - L( D ) HXH =7
Hadamard \/§ L -l B
Jsl - L(10
/20 i SXST =Y
Phase
—e— w = 10)(0]@ I+ [1){1] © X
Z 1 0 0 0\ = ® I+ ®
A(X) 0 1 0 0 [01)
S 00 0 1 [10 X)X D)IF(X)y= X! X
7 N 57 0 0 1 0 /1) | | | _ o
CNOT (controlled NOT) LX)z (X)=2! Z

L(Z)X ! D) (Z)= X | Z
CZ (controlled 2) o~/ M 21 42— 21— Z2—1) I (Z)(l ' X)' (Z) =/Z! X

X X 100)
$ (é 0 8)m> = 10)(0] ® I+ |1)(1] ® Z
0 0 1 >
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Gottesman-Knill) &I

(Clifford;&E & 72 & classically simulatable)

Input : PauliEE F DEBIRERE.

Operation : Clifford;E&
Measurement : Pauli&E

S AA

n qubit stabilizer state = nfE DEE T

[Heisenberg] [Schrodinger]
Sz|‘I’> — “I’>
J |
S'=USU (S) < 1= U

SIHWT = |



Gottesman-Knill) &I

(Clifford;&E & 72 & classically simulatable)

Input : PauliEE F DEBIRERE.

S Ak

Operation - Cliffordis = * Classically simulatable!
Measurement : PauliEE

S AA

n qubit stabilizer state = nfE DEE T

[Heisenberg] [Schrodinger]
Sz|‘I’> — “I’>
J |
Si!: USuU (Si) < >“ 1 = Ul! |

SIHWT = |



Gottesman-Knill) &I

(Clifford;&E & 72 & classically simulatable)

Input : PauliEE F DEBIRERE.

Operation - Cliffordi&= = * Classically simulatable!
Measurement : PauliEE

n qubit stabilizer state = nfEDEEF

[Heisenberg] [Schrodinger]
<Sz> < > “ :
Sz|‘I’> — “I’>
J .
Si= USU (5] < SINERVI
SIW'T = W

FUHIE (PauliEEF) & stabilizer&é O @RS,
XN ZE MR L CEFE TE S —-Gottesman-KnillD EH

e




Magic state

(noisy magic state is enough for universal QC)

1}

INPUT . PaultEEFOEEREE > —iDESIRE
OPERATION . Clifford[o] &
MEASUREMENT : PauliEE

S PaullZEEFDEHB

-

RREMDEE (X classically simulatable

Blochkk 1Y




Magic state

(noisy magic state is enough for universal QC)

1}

INPUT . PaultEEFOEEREE > —iDESIRE
OPERATION . Clifford[o] &
MEASUREMENT : PauliEE

S PaullZEEFDEHB

-

RREMDEE (X classically simulatable

Blochik 1Y 2 Z IH! = cos(! /8)|0! +sin(!/8)|1!
magic state

ly =" p|H"#H| + le! gy ! |

p= %(1! 1 2)

Clifford/E& D & T pure
magic state’x ZE T= 3.

> X

Bravyi-Kitaev, PRA 71, 022316 (2005);
Reichardt, QIP 4, 251 (2005)
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2 ESA Y —EE Clifford)EE, Gottesman-Knill DEIE, Y Iw 7 IREE
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Graph state (cluster state)

& Graph state

stabilizer generators:

K =X || 2
GEV; | Hi BT ZTEADER

Ki|G! = |G! forall 1" V




Graph state (cluster state)

& Graph state

stabilizer generators:

K =X || 2
GEV; | Hi BT ZTEADER

Ki|G! = |G! forall 1" V

s |Gl= 1 (Z)+!" IV
el E



Graph state (cluster state)

& Graph state

stabilizer generators:

K =X || 2
GEV; | Hi BT ZTEADER

Ki|G! = |G! forall 1" V

s|Gl= 1)+ IV
el E
X > X

Xl = XZ Z

s 7y | =loyo e+ 1)1 ® 2
X ey X 6—i7T/4(leQ—Zl—ZQ—I)

CZ (controlled 2)



Cluster state computation

Raussendorf-Briegel PRL 86 910 (2001); Raussendorf-Browne-Briegel PRA 68 022312 (2003).

@ 2D cluster state projective measurement
o/

2D resource state




Cluster state computation

Raussendorf-Briegel PRL 86 910 (2001); Raussendorf-Browne-Briegel PRA 68 022312 (2003).

@ 2D cluster state projective measurement

2D resource state




Cluster state computation

Raussendorf-Briegel PRL 86 910 (2001); Raussendorf-Browne-Briegel PRA 68 022312 (2003).

@ 2D cluster state projective measurement

2D resource state il |G




Cluster state computation

Raussendorf-Briegel PRL 86 910 (2001); Raussendorf-Browne-Briegel PRA 68 022312 (2003).

@ 2D cluster state projective measurement

o' Nu, 4a4,|0" M



Cluster state computation

Raussendorf-Briegel PRL 86 910 (2001); Raussendorf-Browne-Briegel PRA 68 022312 (2003).

@ 2D cluster state projective measurement

A

Ki = XiZisnli+eli+sli+w

- HEAERIFREERBDE EDH.
- YIEYIIE & DXTIG.

- REDEED 5 EFETRE DEES] = FH.

I~

o' Nu, 4a4,|0" M




Ef7TLMh—7—>3

[Bennet et al., PRL 93]

X!t X, Z! /Z
output
Bell measurement /‘
cell state identity gate
nput  (maximally entangled state)
IR |00 + |11

2
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[Bennet et al., PRL 93]

miai—ZzmMayp |
X! X, Z!Z Vi
output
Bell measurement Z/E?

Bell state
nput  (Maximally entangled state)

1IN 00! + 11!
2

unitary gate
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[Bennet et al., PRL ‘93]

UX™Zm2|1 |
output
Bell measurement (

X1 X 21 Z

: Sell state unitary gate
nput  (maximally entangled state)

N 00! + |11
2

VY —ARE+HAE= 2=V —FEHE




One-bit teleportation

Q one-bit teleportation : Zhou-Leung-Chuang, Phys. Rev. A 62,052316 (2000).

| |
! TK?\X
+ | XTHI|' ! output

AEFRRICUKFELTDL
“Pauli byproduct”

iInput




One-bit teleportation

‘ one-bit teleportation . Zhou-Leung-Chuang, Phys. Rev. A 62,052316 (2000).

iInput
| |
- TK?\X
|
+ XMH' ! output
AEFRRICUKFELTDL
v “Pauli byproduct”
input state |! !

O—) = ' ' {HH X =XMH| !

XTHI! ! circuit diagram




One-bi
e-bit teleportation

Z('): e! i1z 2

/
+|j (!)—/7\X




One-bit teleportation

| !j _z(!)_ﬁ\x Z()|"! jﬂ'\
+ | + |




One-bit teleportation

N _Z(!)—/7'\X Z(M|"! 7N
+!j HlmeZ(!)r'!



One-bit teleportation

1 _Z(!)—/7'\X Z(M|"! 7N x
+!j - HlmeZ(!)\"!

iInput state

AO = L LZOHHEX sz ()

XTHZ ()" !




One-bit teleportation

1 _Z(!)—/7'\X Z(M|"! 7N x
+!j +!lmeZ(!)\"!

|
v
iInput state
g—Q = ' 4ZHHRX" X ™HZ (1)]" !
XMHZ (D)]" !

1D cluster state @ Hadamard gate, Z-rotation gate




Gate teleportation

‘ Gate telepo rtation : D. Gottesman and I. L. Chuang, Nature (London) 402, 390 (1999).

input 1 I mX

output 1
+ 1 4 I

output 2
input 2 I 7N\ %




Gate teleportation

‘ Gate teleportation . D. Gottesman and I. L. Chuang, Nature (London) 402, 390 (1999).

circuit diagram

input1 —H I output 1




Gate teleportation

‘ Gate teleportation . D. Gottesman and I. L. Chuang, Nature (London) 402, 390 (1999).

circuit diagram

input1 —H I output 1

output 2

input2 — H




Gate teleportation

‘ Gate teleportation . D. Gottesman and I. L. Chuang, Nature (London) 402, 390 (1999).

circuit diagram

input1 —H I output 1

output 2

input2 — H

oS e
input 2 f7\X ®_<>_




Gate teleportation

‘ Gate teleportation . D. Gottesman and I. L. Chuang, Nature (London) 402, 390 (1999).

circuit diagram

input1 —H I output 1

output 2

input2 — H

OO

+ 1 2D cluster state
— two-qubit gate

input 2 f7\X ®_<>_




MBQC on 2D cluster state

DO DO
DRI D-Or->
YNl Yoo Yarote
3OO IO

) \&J \& A@A@AA

0:0:0°0°0:0.0.0:0.0
A R e
$:0:0:0:0:0.0.0.0:0




MBQC on 2D cluster state

3D DB




MBQC on 2D cluster state

i%
:




MBQC on 2D cluster state

readout
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® VY —ARELFHAEDHD

DRELHEESNTND,

VIVIVTILAY NGREDODHEEMS, EFETEDEIN DI S,

Vv IRREEE(R IZEXRN T VY VT I)ILA Y N4

A0

@ EF LRI DEEIREE
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& NROYVHILEFFE
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® o1V REFEE
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MBQCOF &b

Bell pair BB A X0
i O micro-cluster £S5 2 — e
g OO0
O]_L0_ & @EEEQ

RRINHESRA/2 *

. - (Measurement-based
Y quantum computation)
AR TEHE

brute force

Nielsen Phys. Rev. Lett. 93,040503 (2004) — micro-cluster !

Yoran-Reznik Phys. Rev. Lett. 91, 037903 (2003)!

Browne-Rudolph Phys. Rev. Lett. 95, 010501 (2005)— fusion gate!
Duan-Raussendort Phys. Rev. Lett. 95, 080503 (2005) — cross-strategy!

K. Kieling, T. Rudolph, and J. Eisert Phys. Rev. Lett. 99, 130501 (2007) — percolation



MBQCOF &b

star-cluster
by KF & Tokunaga!
Phys. Rev. Lett. 105, 250503 (2010)

snowflake
by Matsuzaki-Benjamin-Fitzsimons !
Phys. Rev. Lett. 104,050501 (2010)

(®) x &
s Each snowflake .._.°' ;... . ’ o . )
. attempts to bond . DRTTTI
; e o . o T ¥ o
P E‘. " . *
z ... e
L IR ....‘. .
o < > 3 . ‘
Y ® Y ¢
T e “‘l' ) .
TR ¥ %5
- © O. v ® o N . ‘ ‘ ‘
g e
The core node in each "' o‘.
snowflake becomes a . 1 A
node of the ultimate -~ =<_ .
Raussendorf lattice F a ¥ -4
’ et T ’ 710
o 6x10™ |
Lietall 5x107 |
Phys. Rev. Lett. 105, 250502 (2010) 2 gt |
— — - —_ —_ - ax10™ b
pe=0.1, pu= 104 pe=0.1, pu= 104
wi ’/

-4 | | 1 : 1 1 1
1x10
01 02 03 04 05 06 07 08 09 1

Ps
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® VY —ARELFHAEDHD

DRELHEESNTND,

VIVIVTILAY NGREDODHEEMS, EFETEDEIN DI S,

Vv IRREEE(R IZEXRN T VY VT I)ILA Y N4
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Valence-bond solid (VBS):

single “site” measurement —
site

9 J

N A N A
edge state
singlet = maximally entangled state
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Matrix product state (MPS):
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