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F—E.=EFROHDHFL

C I THRI DA :

PaulifT%l, EANEE, FERXDR A

PauliZE, Stabilizerfz=, Stabilizerik&e,

LL]

Clifford;E&, PauliZ£EDHEIE, Gottesman-KnilldDEE

non-Clifford’&E%&, Kitaev-Solovay D & &




&® qubit = EF 2 %R

FEFOREPIREE, BEFAE Y, BEEERHERE, BXIT S
2EFIRETHNIXTATH LWL

1Y) = «a|0) + B|1)
12U, a,BeC. |lof*+18°=1



Pauli{T%



& PaulifT5!

= (0 8) 2= (0 ) v=(0 )

[ ¥ (anticommute) : {X,Z} = XZ+ ZX = —1
e X/ =1Y



€ PaulifT5!
0 1 1 0 0 —i
X:(1 0) Z:<0—1> Y:(i 0

- AE[#2 (anticommute) : {X, 2} =XZ+ 72X = —1
e X/ =1Y

@ qubitlc X9 B1EFE
X[0) =1) X|1)=10) (bit-flip)

Z|0) =10) Z|1) = —|1) (phase-flip)

i|l1) Y|1) = —|0) (bit&phase-flip + global phase)

Y'|0)



& PaulifT5!

(1) (%) ()

- AE[#2 (anticommute) : {X, 2} =XZ+ 72X = —1
e X/ =1Y

@ qubitlc X9 B1EFE

X[0) =[1) X[1)=10) (bit-flip)

Z|0) =10) Z|1) = —|1) (phase-flip)
Y|0) =i|l) Y1) = —i|0) (bit&phase-flip + global phase)

@ PaulifT5 DEHBEIRRE (Pauli basis)
Z = 0),11) X = |+)=(]0)+ [1))/v2,|-) = (|0) — |1))/v2
Z basis X basis
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=R (AR

& ERIRRE

- qubita, b2 DO SERBERIE |V.) @ |vy) (T2 VILEE)
Ti0ih 9 5.



=R (AR

- qubita, b2 DO SERBERIE |V.) @ |vy) (T2 VILEE)
TEoIN T B,

- WEWSE @ E<LDIFEBEIRD T |va)|vp) P |vaty) EFUV e
NHI 5.



=R (AR

& ERIRRE

- qubita, b2 DO SERBERIE |V.) @ |vy) (T2 VILEE)
TEoIN T B,

- WEWSE @ E<LDIFEBEIRD T |va)|vp) P |vaty) EFUV e
NHI 5.

- Kroneckert&




=R (AR

& ERIRRE

- qubita, b2 DO SERBERIE |V.) @ |vy) (T2 VILEE)
TEoIN T B,

- WEWSE @ E<LDIFEBEIRD T |va)|vp) P |vaty) EFUV e
NHI 5.

- Kroneckert&

- qubith n @3 51556 Ffk.

IS, AUREN n@BH2EEF )" EEWZD T 3.



aETR (ER¥F)



aETR (ER¥F)

(0 0 1 0)
0 I 0 0 0 1
X®I:(1 o)z 1 0 0 0
\ 0 1 0 0
(1 0 0 0)
Z 0 0 -1 0 0
Z®Z:(O—Z>: 0 0 -1 0
\0 0 0 1)

CEEFD n8dH 5% 6 Rk
-n BRI UEEFNHBIHEIE, A",



aETR (ER¥F)

(0 0 1 0)
0 I 0 0 0 1
X®I:(1 o)z 1 0 0 0
\ 0 1 0 0
(1 0 0 0)
Z 0 0 -1 0 0
Z®Z:(O—Z>: 0 0 -1 0
\0 0 0 1)

CEEFD n8dH 5% 6 Rk
-n BRI UEEFNHBIHEIE, A",

i BREWICEET AVMERT 2455,
IQI--- I®AQI---I=A,

cEL.



n-qubit Pauli products



n-qubit Pauli products

@ n-qubit Paulif&:

{zzl,zzi} X {[,X, Y, Z}®n c P

PaulifT?| D& EPaulifTA 7R DT, Pauli BIZEEZRT
— Paulizf



n-qubit Pauli products

@ n-qubit Paulif&:

{zzl,zzi} X {[,X, Y, Z}®n c P

PaulifT?| D& EPaulifTA 7R DT, Pauli BIZEEZRT
— Paulizf

(f5) 2-qubit Pauli &¥:

II,IX,1Y,IZ,
XI, XX, XY, XZ. |
YIYX.vYy.yz (UL
Z21.2X.72Y. 27




HAHE (Clifford jEE)



HAHE (Clifford jEE)

& Clifford ;& :
HZ1ER (conjugation) MH & T, Pauli products Z Pauli
products ICE9d 1% Y —BHEF

m 0

P P




HAHE (Clifford jEE)

& Clifford ;& :
HZ1ER (conjugation) MH & T, Pauli products Z Pauli
products ICE9d 1% Y —BHEF

A UAU'" = B
M M
P P

& Hadamard J&8& :

gL (11 _ _
—\/§ 1 HXH=7, 6 HZH =X

) H|0) =|+), H|]1) =|-) ZEXDEEDETHTLL FEbN3.



HAHE (Clifford jEE)

& Clifford ;& :
HZ1ER (conjugation) MH & T, Pauli products Z Pauli
products ICE9d 1% Y —BHEF

A UAU'" = B
M M
P P

& Hadamard J&8& :
oL (11
v ACEE HXH =2 HZH =X
) H|0) = |+), H]1) =|-) ZEXDEEDTHBTLLLFEDLND.
& Phase &5 :

1 0
Sz(o Z) SXST=Y, SYST =X, §ZS =7

9



HAHE (Clifford jEE)

€ CNOT JEE : Ucnor = 10)(0c ® It + [1)(1]c ® X;

Ucnor(Xe @ It)Ucnor = Xe ® Xq.

Uonor (L ® X)Uoxor = I.® X,
Ucnor(Ze @ It ) Ucnor = Ze ® I,

U L. Z)\U — Z.9Z (N
CNOT( t) CNOT t \/

® CZEE : Usz =000 @I + [1){1]. ® Z

//\

Ucz(Xc @ It)Ucz = X.® Z,
Ucz(l. ® Xy)Ucz = Z.® X;,
Ucz(Z. @ It)Ucz = Z.® I,
Ucz(Ic ® Zi))Ucz = 1. ® Z;

10



HAHE (Clifford jEE)

€ CNOT JEE : Ucnor = 10)(0c ® It + [1)(1]c ® X;

Ucnor(Xe ® I)Ucnor = Xe ® X;, X

Uonor(l. ® X)Ucxor = I ® X, ®
Ucnor(Ze @ It ) Ucnor = Ze ® I,

U L. Z)\U - 72.07 (D
CNOT( t) CNOT t \/

® CZEE : Usz =000 @I + [1){1]. ® Z

//\

Ucz(Xc @ It)Ucz = X.® Z,
Ucz(l. ® Xy)Ucz = Z.® X;,
Ucz(Z. @ It)Ucz = Z.® I,
Ucz(Ic ® Zi))Ucz = 1. ® Z;

10



HAHE (Clifford jEE)

€ CNOT JEE : Ucnor = 10)(0c ® It + [1)(1]c ® X;

Ucnot(Xe ® It)Uonor = X ® X, X
Ucnor(le @ X¢)Ucnor = I ® Xy,
Ucnor(Ze ® It )Ucnor = Ze QI
Ucnor(le ® Zy)UcnoT = Zc® Z4

® CZEE : Usz =000 @I + [1){1]. ® Z

//\

Ucz(Xc @ It)Ucz = X.® Z,
Ucz(l. ® Xy)Ucz = Z.® X;,
Ucz(Z. @ It)Ucz = Z.® I,
Ucz(Ic ® Zi))Ucz = 1. ® Z;

10



HAHE (Clifford jEE)

€ CNOT JEE : Ucnor = 10)(0c ® It + [1)(1]c ® X;

Ucnot(Xe ® It)Uonor = X ® X, X
Ucnor(le @ X¢)Ucnor = I ® Xy,
Ucnor(Ze ® It )Ucnor = Ze QI
Ucnor(le ® Zy)UcnoT = Zc® Z4

® CZEE : Usz =000 @I + [1){1]. ® Z

//\

Ucz(Xc @ It)Ucz = X.® Z,
Ucz(l. ® Xy)Ucz = Z.® X;,
Ucz(Z. @ It)Ucz = Z.® I,
Ucz(Ic ® Zi))Ucz = 1. ® Z;

10



HAHE (Clifford jEE)

€ CNOT JEE : Ucnor = 10)(0c ® It + [1)(1]c ® X;

Ucnot(Xe ® It)Uonor = X ® X, X
Ucnor(le @ X¢)Ucnor = I ® Xy,
Ucnor(Ze ® It )Ucnor = Ze QI
Ucnor(le ® Zy)UcnoT = Zc® Z4

® CZEE : Usz =000 @I + [1){1]. ® Z

//\

Ucz(Xc @ It)Ucz = X.® Z,
Ucz(l. ® Xy)Ucz = Z.® X;,
Ucz(Z. @ It)Ucz = Z.® I,
Ucz(Ic ® Zi))Ucz = 1. ® Z;

10



HAHE (Clifford jEE)

® CZEE : Usz =000 @I + [1){1]. ® Z

//\

— IC®Xt7
— ZC®]1::
— Zc®Zt

Xe ® Zy,
Ze @ X,
Ze ® I,
I.® Zy

10

€ CNOT JEE : Ucnor = 10)(0c ® It + [1)(1]c ® X;

— XC®X’G:

X

XX

__’7

L




HAHE (Clifford jEE)

® CZEE : Usz =000 @I + [1){1]. ® Z

//\

— IC®Xt7
— ZC®]1::
— Zc®Zt

Xe ® Zy,
Ze @ X,
Ze ® I,
I.® Zy

10

€ CNOT JEE : Ucnor = 10)(0c ® It + [1)(1]c ® X;

— XC®X’G:

X

XX

— 9




HAHE (Clifford jEE)

& CZEER:

S
N
||

N
|

€ CNOT JEE : Ucnor = 10)(0c ® It + [1)(1]c ® X;

= X.® X;. X
= I.® Xy,
= Z:® Iy,
= Z4c® 4y

Ucz = 10)(0]c ® It + [1) (1] @ Z;

Xe ® 2. X ——> X
Ze Q X, _—’72
Ze R Iy, I

I. ® Z, _FZ

@ =275 BhiFZETE BRI X &

10



HAHE (Clifford jEE)

we) A TOREOENROERFZHEE X

X — o000 X
X ro X
Z O D X
X r-o— X
Z b b X
Z Gr—D X
Z G—d— X




Stabilizerg$

& Stabilizer®f | Pauli D AHEEH B
S = {SZ}, S; € P, [SZ, Sj] = 0 for all 5}, Sj eS

1) {17z XI,II,XZ}<«<— no overlap

B2) {11, XX,ZZ,-YY} «— evenoverlap g oJifix 2 =a]if!

12



Stabilizerg$

@ Stabilizerff : PauliBt D TSR E
S = {SZ}, S; € P, [Sf,,, Sj] = 0 for all 5}, Sj eS
1) {17z XI,II,XZ}<«<— no overlap

B2) {11, XX,ZZ,-YY} «— evenoverlap g oJifix 2 =a]if!

@ Stabilizer&£ R TT : stabilizerBEDIMIT B TTOBRKES

(FEWMEDITTOBTRI ZENTELRL, )

12



Stabilizerg$

@ Stabilizerff : PauliBt D TSR E
S = {SZ}, S; € P, [Sf,,, Sj] = 0 for all 5}, Sj eS
1) {17z XI,II,XZ}<«<— no overlap

B2) {11, XX,ZZ,-YY} «— evenoverlap g oJifix 2 =a]if!

@ Stabilizer&£ R TT : stabilizerBEDIMIT B TTOBRKES

(BFEWMBOITTOBETERIT ZEMNTEARLY, )
By {12, X1} {IZ¥EXZ)MIITIREWN
B2y {XX,ZZ)

12



Stabilizerg$

@ Stabilizerff : PauliBt D TSR E
S = {SZ}, S; € P, [Sf,,, Sj] = 0 for all 5}, Sj eS
1) {17z XI,II,XZ}<«<— no overlap

B2) {11, XX,ZZ,-YY} «— evenoverlap g oJifix 2 =a]if!

@ StabilizerdE FJT : stabilizerBED I B TTDRAES
1
(BEWMBDITTOBETERI ZENTEGRL, )
By {12,XI} {IZFEXZ} I TR,
Bl2) {XX,Z2Z}

HERTT {5} h S ER SN B Stabilizer groupZ (S;) &E<
CEICT B,
B3) (XX, 2Z)={11,XX,ZZ,-YY}

12




StabilizerfARe

13



StabilizerfARe

@ Stabilizer]KRE | IR TDstabilizerBEF S, € SICH LT
Sz\‘lf> — “I’>
Zomlc ITIRRE V)
- stabilizerfBf S PJ#AEE D ¢, ARNABILTE 3.
- stabilizerE BT EBIREE TH NLIE T2

13



StabilizerfARe

@ Stabilizer]KRE | IR TDstabilizerBEF S, € SICH LT
Sz\‘lf> — “I’>
Zomlc ITIRRE V)
- stabilizerfBf S PJ#AEE D ¢, ARNABILTE 3.
- stabilizerE BT EBIREE TH NLIE T2

#1) S, = (XX, ZZ) BI1.5) Sy = (Z2Z)

B2) Sy = (ZZ1,1Z2Z, XX X)

H3) Sy = (XIXIXIX, IXXIIXX IITXXXX,
ZIZIZIZ, IZZIIZZ, II1Z7Z7Z7,)

13



StabilizerfARe

@ Stabilizer]KRE | IR TDstabilizerBEF S, € SICH LT
Sz\‘lf> — “I’>
Zomlc ITIRRE V)
- stabilizerfBf S PJ#AEE D ¢, ARNABILTE 3.
- stabilizerE BT EBIREE TH NLIE T2

#1) S, = (XX, ZZ) BI1.5) Sy = (Z2Z)
Bell state  (|00) + [11))/v/2

B2) Sy = (ZZ1,1Z2Z, XX X)

H3) Sy = (XIXIXIX, IXXIIXX IITXXXX,
ZIZIZIZ, IZZIIZZ, II1Z7Z7Z7,)

13



StabilizerfARe

@ Stabilizer]KRE | IR TDstabilizerBEF S, € SICH LT
Sz\‘lf> — “I’>
Zomlc ITIRRE V)
- stabilizerfBf S PJ#AEE D ¢, ARNABILTE 3.
- stabilizerE BT EBIREE TH NLIE T2

#1) S1 = (XX, ZZ) f511.5) So = (Z2)
Bell state  (|00) + [11))/v/2

B2 Ss = (ZZ1,12Z, XX X)
GHZ state (|000) + [111))/v/2

H3) Sy = (XIXIXIX, IXXIIXX IITXXXX,
ZIZIZIZ, IZZIIZZ, II1Z7Z7Z7,)

13



StabilizerfARe

@ Stabilizer]KRE | IR TDstabilizerBEF S, € SICH LT
Sz\‘lf> — “I’>
Zomlc ITIRRE V)
- stabilizerfBf S PJ#AEE D ¢, ARNABILTE 3.
- stabilizerE BT EBIREE TH NLIE T2

#1) S, = (XX, ZZ) BI1.5) Sy = (Z2Z)
Bell state  (|00) + |11))/v/2 {|00),[11)} TESN B LB

GHZ state (]000) + |111))/v/2

H3) Sy = (XIXIXIX, IXXIIXX IITXXXX,
ZIZIZIZ, IZZIIZZ, II1Z7Z7Z7,)

13



StabilizerfARe

@ Stabilizer]KRE | IR TDstabilizerBEF S, € SICH LT
Sz\‘lf> — “I’>
Zomlc ITIRRE V)
- stabilizerfBf S PJ#AEE D ¢, ARNABILTE 3.
- stabilizerE BT EBIREE TH NLIE T2

#1) S, = (XX, ZZ) BI1.5) Sy = (Z2Z)
Bell state  (|00) + |11))/v/2 {|00),[11)} TESN B LB

GHZ state (]000) + |111))/v/2

H3) Sy = (XIXIXIX, IXXIIXX IITXXXX,
ZIZIZIZ, IZZIIZZ, II1Z7Z7Z7,)

CHRITDHUIT ECETETELL,

13



StabilizerfARe

@ RE(—RITZER)DERSNDTCOHDEM !

14



StabilizerfARe

@ RE(—RITZEBDNERINDCH DM :
— stabilizer&E L ITDE & qubitD BN —ET 255

EBER)ZNZENOERTTICHT LT 41, -1OEEEFANEDEIET
TW< DT, EBERREBOEIT 2M#ERTT). —A, n qubitDRJT
[£2M

XX
ZA +1 '1

+1 [100) + [11))/v2 | (|00) — [11))/V2

L1 [0on + 1oh/ V2 (110) — [o1))/ V2

14



StabilizerfARe

@ RE(—RITZEBDNERINDCH DM :
— stabilizer&E L ITDE & qubitD BN —ET 255

EBER)ZNZENOERTTICHT LT 41, -1OEEEFANEDEIET
TW< DT, EBERREBOEIT 2M#ERTT). —A, n qubitDRJT
[£2M

-

MEERT) £ElxzeYEs (TXR/ILFX— BESHELRE) , BEEDEZZ
DIE (BEFH) 1CERSE, REBZEEIT ScHICE, ETOEFHZIEEL
BITNIERS %W, FU T, stabilizerfREEIZEFED TR T+1DIREE.

ZA +1 '1

+1 [100) + [11))/v2 | (|00) — [11))/V2

L1 [0on + 1oh/ V2 (110) — [o1))/ V2
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NRERT

=]

‘ % E'\//EE%F

EE1OI)I—NEEFAD

=]

I+ A

Py =—

BZEBANDE

SFER) [a+) ZEZNZRAAOEBEREE LT, HBEF AR

A= (+D]ay)(as |+ (=1)]a-){a]|

CEY, —A L =ar){ar|+ a_){a_

I5

R TS

= |at)(ax]|



NRERT

‘ % E'\//EE%F
HEME1IDOIT)II—NEEF ADEEEEANDSHEHE FI
[ 1 A
2
SIEA) |a+) EZ N2 N1 OEEREE LT, EET AL

A= (+D)lay)(ar] + (=1)]a-){a—]|
21, —AH 1= |a ) ar|+ |a_)a_|%

& [OFRIC L B5RE
= (10)m 1) + 1) A1)/ V2
ey [
w A - " (I“) %)

00 @ I+ 1)1 A ADH DEEREADSHEEE T

PL =

= |at)(ax]|

I5



StabilizeriAREDEZT U
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StabilizerlAREDEZBET U

@ stabilizerlREEOEZTUA
CERTTDX 1215 DRSS, Z 12O 52 ICHRTEZ &%)

V) =

I+ S+
— | 0)*
V215¥ & 2

6



StabilizerlAREDEZBET U

@ stabilizerlREEOEZTUA
CERTTDX 1215 DRSS, Z 12O 52 ICHRTEZ &%)

1 1+57
v) = —[0)“"
v = el

R T

6



StabilizeriAREDEZT U

@ stabilizerlREEOEZTUA
CERTTDX 1215 DRSS, Z 12O 52 ICHRTEZ &%)

1 1+57
v) = —[0)“"
v = el

HIRILEF BEIIC ST DEBIRREICR S,

6



StabilizeriAREDEZT U

@ stabilizerlREEOEZTUA
CERTTDX 1215 DRSS, Z 12O 52 ICHRTEZ &%)

1 I+ S
IR F HEMIC S DEEIREEICK S

V) = 0)"

HFIC, HXH:L/T Ey Nl sy BEET B
A%fU%m
1
V) = —— > |ci)
C Z

6



StabilizeriAREDEZT U

@ stabilizerlKREEOZEZ TN U A
(ERTTDX T DIES;, ZETDE ST ICNBETEHEE)

1 I+S;*
U) = —|0)="
v = el

HIRILEF BEIIC ST DEBIRREICR S,

(2) i
Bic, SY =[x s LT, By g sl sEsT e
k

N1 F )RR
1
) = — > |ei)
C] ciqC (4) (i) () (i) v ([~
GF(2) LDEIE{s" = (577,85, ...,8,7) HC

K> TRONDIRLZER (HEEREATS

6



StabilizeriAREDEZT U

@ stabilizerlKREEOZEZ TN U A
(ERTTDX T DIES;, ZETDE ST ICNBETEHEE)

1 I+ S an
) | =5
%E;Itgzﬂjj(% BEIIC ST DEBIRREICRR D
HFIC, HXk ELT, By Rl sy 2EETBE
INMF YRR
W) = ﬁ Z Ci)
“9“] GF(2) L DEE({s") = (s(z) Séz),... s) T

K> TRONDIRLZER (HEEREATS

LEEODBENTERWEEZTERUAEHTIENS |

6



StabilizerleRlcH T2 1 =7 ViEE

@ Clifford; 282 T D{EFE

Clifford;EE F(IPaulif&E %= Paulif&ICE I 1=% JEEF.
— & S stabilizeriRREED 5 £ 73 S stabilizerIRREENE T

17



StabilizerleRlcH T2 1 =7 ViEE

@ Clifford; 282 T D{EFE

Clifford;EE F(IPaulif&E %= Paulif&ICE I 1=% JEEF.
— & S stabilizeriRREED 5 £ 73 S stabilizerIRREENE T

Si|¥) = |¥)
lu%ﬁ%

US:UT (U|®)) = (U|¥))

17



StabilizerleRlcH T2 1 =7 ViEE

@ Clifford; 282 T D{EFE

Clifford;EE F(IPaulif&E %= Paulif&ICE I 1=% JEEF.
— & S stabilizeriRREED 5 £ 73 S stabilizerIRREENE T

SI0) = |O) ()
lu%ﬁ%

USUT|(U|®)) = (U|D))

# L WIRRE % stabilize T 2B E T

17



StabilizerleRlcH T2 1 =7 ViEE

@ Clifford; 282 T D{EFE

Clifford;EE F(IPaulif&E %= Paulif&ICE I 1=% JEEF.
— & S stabilizeriRREED 5 £ 73 S stabilizerIRREENE T

Si|¥) = |¥)
lu%ﬁ%

US;UT(UW)) = (U|¥))

# L WIRRE % stabilize T 2B E T

Clifford;&@EF U OYERIE, stabilizeryEE F\DIEFE
IC K> Tt b,

17



StabilizerleRlcH T2 1 =7 ViEE

& Clifford’EEFD/ER ()

18



StabilizerleRlcH T2 1 =7 ViEE

& Clifford’882FD1ER (1)
eHadamard;&E &
H|+) = |0) X Z

18



StabilizerleRlcH T2 1 =7 ViEE

& Clifford’EEFD/ER ()

eHadamard;E& :

CNOT)EHE: X1 —- XX
Ucnor|+)el0): = (|00) +]11))/v/2 17 77

4
yA U

18



StabilizerleRlcH T2 1 =7 ViEE

& Clifford’882FD1ER (1)
eHadamard;&E &
H|+) = |0) X Z

CNOT)EHE: X1 —- XX
Ucnor|+)el0): = (|00) +]11))/v/2 17 77

4
yA U

o/ S ADCNOTHEE:

X 90¢

X I..

y4 D \

X I"
Z D \

y4 \\ D

Z C oD C

18



StabilizerTER [C & 1T B PauliflE

@ Paulitg A ICEE9 B HIE :
BE1) ABRYEZAF—BEICEEND.
- HEFRIT +1 NESN, HERBDORREIEZELLE L.



StabilizerlER [C & |7 D PauliBlE

& Paulitg A ICEET HAIE -
HZE 1) ABRRIESAY—HICEENS.
- AERERIE 41 DT 5N, BERDRREEFZEILRU.
B 2) ADNATESA Y -EICEENRL,
- £HTTE AL TRABEDEFTRBLDICHETE S,
(51,52, Sky Skt1 - - - Sn)
SEeTia i




StabilizerlER [C & |7 D PauliBlE

@ Paulitg A ICEE9 B HIE :
BE1) ABRYEZAF—BEICEEND.
- HEFRIT +1 NESN, HERBDORREIEZELLE L.

ZE2) ABRRTEZAY—EICEENEL
- AT A SRS D EFENREDICHIETES.
(51,52, Sky Skt1 - - - Sn)
ST T

FEAALRE DN SEHIC—DEDRE, A ZEBI, FAlCKRD K
SICERTTZBERT 5.

(+A, 5152, ...,515, Skt1,...5n) —HIEERDIREDERTT




StabilizerlER [C & |7 D PauliBlE

@ Paulitg A ICEE9 B HIE :
BE1) ABRYEZAF—BEICEEND.
- HEFRIT +1 NESN, HERBDORREIEZELLE L.

ZE2) ABRRTEZAY—EICEENEL
- AT A SRS D EFENREDICHIETES.
(51,52, Sky Skt1 - - - Sn)
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ZE2) ABRRTEZAY—EICEENEL
- AT A SRS D EFENREDICHIETES.
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FEAALRE DN SEHIC—DEDRE, A ZEBI, FAlCKRD K
SICERTTZBERT 5.
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@ Paulitg A ICEE9 B HIE :
BE1) ABRYEZAF—BEICEEND.
- HEFRIT +1 NESN, HERBDORREIEZELLE L.

ZE2) ARRYESATF—EICESENLL
- ARt A SRR H D EIEARBEDICHIETE S,
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JE AT EIE:
FERBEBE DN SEHIC—DEDRE, A ZiEM, PIRICED K
SICERRTTZHEERT 5.

(£,[5152) - .. [S15k, Skr1, ... Sn) —RIEEDIREEDERTT
AIEFSR FEAHEx 2 =1k
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& Non-Clifford;@EHN—2 TH H 1L universal
B ZIE W8 EE
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& Kitaev-Solovay D &
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& Non-Clifford;@EHN—2 TH H 1L universal
B ZIE W8 EE
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—le —
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& Kitaev-Solovay D &

HBENEH (gate set) HSUQR)THRE THNIL,
g < T (=polylog(l/e)) SURR)ZzEBWRL T,
YUeSU2) and Ve, 7S =gi...g9n, s.t.d(S,U) <e

irld Hadamard/E&E & n/8 JEE TR
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Solovay-Kitaev(U,n)
if n=0, return basic approximation of U
else U,.;=Solovay-Kitaev(U,n-1)
VW st VWVIWi=UU7,.;
V.1 = Solovay-Kitaev(V,n-1)
W1 = Solovay-Kitaev(V,n-1)
Return V. /W iV i™Wau 17U,

=P O(log”(1/¢))
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)

c approximation of U
-Kitaev(U,n-1)
Wi=UUT -
y-Kitaev(V,n-1)

ay-Kitaev(V,n-1)

AW iTUn

=P O(log”(1/¢))
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EB_EH:J27kEEMBQC

CCTCHIRY AANA

E—ETHRUiY—ILEZFE->THS.
72 7IREE, AIFEICKDDT T TIREDTT,

72 JIREED MR, stabilizeriREE & D EFR,

DWTIC, EAETHESZSMBQCOE A,

7'= 7IRBE (clusteriRBE) DARNAE.
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® JTTVIREE I 57 GIVE)EBWTEEZIND stabilizer JhEE

stabilizenE22 FIXZTELSICXT LT

K, =X; ][ 2
JEV;

EERSND.

77 G(V,E)
VIERDE

i)
Tl
5
N>
e
i)
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® VT TIRRE I /57 G(VE)%E

stabilizenE22 FIXZTELSICXT LT

K =X, [] 2
Vi
i EBEETDERDES

EERSND.
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Jj3 € Vi
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Cluster]KRE

B5(C, WHEXRIMEDH B0 57 (BRLE, EAKRF A
F73E) FTEESINSHES, cluster state&E TN 5.
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€ 1D cluster state
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F73E) FTEESINSHES, cluster state&E TN 5.

€ 1D cluster state
Ki=2;1XZi11

>— oo o o
-1 0 i+
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Cluster]KRE

B5(C, WHEXRIMEDH B0 57 (BRLE, EAKRF A
F73E) FTEESINSHES, cluster state&E TN 5.

€ 1D cluster state
Ki=2;1XZi11
® ® ® ® ®
j-1 i i+
€ 2D cluster state
> —o—o—9¢
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Cluster]KRE

B5(C, WHEXRIMEDH B0 57 (BRLE, EAKRF A
F73E) FTEESINSHES, cluster state&E TN 5.

€ 1D cluster state
K; =2, 1X; 2411
® ® ® ® ®
j-1 i i+
€ 2D cluster state

@ @ 9
I +N

I+w | | I+e

K = XiZiynZivelitsLitw
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75 7IREE & PaulilllE Z

So = L1 X9 /s

IR O {51 = X122
SS — ZQXgBZ

stabilizer
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75 7IREE & PaulilllE Z

& ZHEDHE

- —EBigtichHBEE

] 2 3
AIFERTD ! b
N So = APCYAL
stabilizer
SS — ZQXgBZ

AIEZD _{QAAMQQ

stabilizer Ss = (Z3)X3B,

A=) (%;B

1
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& ZHEDHE

- —EBEREICHBES s —HRDIZE
A-O—2—O=s
] 2 3
R —— p— AZX Z
AEaio [ b
N So = APCYAL
stabilizer
SS — ZQXgBZ

0O
PQ

AIEZD _{QAAMQQ

stabilizer Ss = (Z3)X3B,

A=) C%;B

1
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75 7IREE & PaulilllE Z

& ZHEDHE

- —BRLEICHDEE - —fiRDIHE
A-O—2—O 8
] 2 3
iy — A. X\ Z
SAIERTID 51 1o
- S2 — ZlXQZg
stabilizer
S3 = /9 X387

o O
B0 {51 AX\(Z) —% O~

stabilizer Ss = (Z3)X3B,

O, O
ZHAESNTIRENT 5 7TIREHN5THZD.
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¢ XEHEDHE
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75 7IREE & PaulillFE X

¢ XEHEDHE
- —EBiRbichHBE=E

A-O—X—O=B
] 2 3
S = A. X125
S = AP.CYE
SS — ZQXgBZ
S153 = A.X1X3B.
S, = 7 (XZ)ZQ
A B A B
3 ]
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75 7IREE & PaulillE X

¢ XEHEDHE
- —EBiRbichHBE=E

A-O—X—O 8
] 2 3
S, = A X172,
So = 1 XaZj
S3 = ZoX3By
5153 = A, X1X3B,
S = Z1(X2)Zs

A—z:—B A—z:—B
3 ]
T 3

A O—R—X——-8
] 2 3 4
S1 =A,.X1%2-
So = 71 X9Zs
S3 = Lo X324
Sy, = /3 X4 By

5153 = A, X1(X3)Z4
5254 = Z1(X2) Xy B,

A{D] (OB

4
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® YEEDHE
- —EBiRbichHBE=E

] 2 3
S1 = A. X175
Sy = AD. OV

29



75 7IREE L PaulillE Y

® YEEDHE
- —EBiRbichHBE=E

] 2 3
S, = A X172,
So = Z1X243
S3 = Z2XsBy

1Sy = A,V (Y3)Z
S2S3 = Z1(Y2)Y3 Bz

ok
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¢ YEEDAE

s —EiR EICHBDEE - I
AO—0—COr8 A O—0—-8

1 2 3
S, = A, X1Z l SYSt =X &b
Sy =  Z1X27;
SS — ZQXgBZ A_® X B
$1S5 = A,Y:(Y2)Zs l

S2S3 = Z1(Y2)Y3 Bz

ok
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@ TEDstabilizerikEELH B 7S 7IREE & local Clifford (LC)
D & THM (LC-equivalence)

— 2 D DstabilizerIKEEDLC-FEME IR L AN S.
—/7"S 7 IREE L stabilizerRBE DIEXET.

— ZERRIZ [Van den Nest et al., PRA 69, 022316 (2004)] Z 88,
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D & THM (LC-equivalence)

— 2 D DstabilizerIKEEDLC-FEME IR L AN S.
— 77 7 REE S stabilizerik RE DIEHE

— ZEBH I [Van den Nest et al., PRA 69, 022316 (2004)] Z 8.
X 9-0-¢
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m
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@ TEDstabilizerikEELH B 7S 7IREE & local Clifford (LC)
D & THM (LC-equivalence)

— 2 D DstabilizerIKEEDLC-FEME IR L AN S.
— 77 7 REE S stabilizerik RE DIEHE

— ZEBH I [Van den Nest et al., PRA 69, 022316 (2004)] Z 8.
X 9-0-¢

(100 + [11))/v2 L

m

*—Oo

N N N X N X
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7 5 7 IREE & stabilizerikfE

@ TEDstabilizerikEELH B 7S 7IREE & local Clifford (LC)
D & THM (LC-equivalence)

— 2 D DstabilizerIKEEDLC-FEME IR L AN S.
— 77 7 REE S stabilizerik RE DIEHE

— ZEBH I [Van den Nest et al., PRA 69, 022316 (2004)] Z 8.
X 9-0-¢

(100 + [11))/v2 L

m

*—Oo

N N N X N X

& LU-LC conjecture: LU-eq. DAE+7 54 LC-eq.
WMEKX KHREETE AR,
— RBIHYE, D DB [Ji et al., Quant. Inf. Comput. 10 97 (2010)].

— B T D Ffj [A][Sarvepalli-Raussendorf, PRA 82 022304 (2010)] & Z D=2 3 HA.
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& UN U, 3 BstabilizerREEICHIST %0 ZT7H
—RBHICERSI NS DT TIEERL
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7 5 7 IREE & stabilizerikfE

® LN U, b BstabilizertRREICKIDT 57 Z 7 H
—RNICERINS DT TR,

= (00...0) 4 [11....1) m “ﬁ;,\"

& Local complementarity: local Clifford /K

G—>G+G,
/\\ . ‘/‘\‘
i ®, i

ICERULTWERDESET T 7.
[Van den Nest et al., PRA 69,022316 (2004); Hein et al., quant—ph/0602096]
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O
BESICKUT|+) = %, BN DM DqubiticCZZEF S B 5.
[T v xu8) =x: I 2

eckE JjeVi

« CZIZEWICAG DT, |BFITEEZETAL,

- degree CR#E) NERDIVZ7 (—ERE, EARFRE)
DIz E & constant depth DEFE TEMTE 5.
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MBQC

Measurement-based quantum computation

(One-way quantum computation = — A EIEF5tE, Cluster model)
Raussendorf-Briegel PRL 86 910 (2001);

Raussendorf-Browne-Briegel PRA 68 022312 (2003). A B
s 1T
£
> €/
O
A\ €/
SFEHETIL

ZART VS T )VIRRE

-+

adoptive single-qubit measurement

(BRDFEdH i L)
|

universal QC

>
2D cluster state
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MBQC(Hadamard gate)

& 1-bit teleportation : Zhou-Leung-Chuang, Phys. Rev. A 62,052316 (2000).

iy AN
+) I X H )

AEFRBRICUKFELTDL
“Pauli byproduct”
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MBQC(Hadamard gate)

& 1-bit teleportation : Zhou-Leung-Chuang, Phys. Rev. A 62,052316 (2000).

iy AN
+) I X H )

AEFRBRICUKFELTDL
“Pauli byproduct”

@ 1D cluster F TOXEEDHITE :

iInput state

20—

X" H 1)
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MBQC: single-qubit gate

—RItclusterREEICSH LT Z(&) = e 42 2 {EAXHE T
XEETHE- {0) e ) EETOHE

w>j— Z(8) N,
+) X™HZ(€)[)
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MBQC: single-qubit gate

—RItclusterREEICSH LT Z(&) = e 42 2 {EAXHE T
XEETHE- {0) e ) EETOHE

V) —9 20 _ Z(©)) — D x
+>$% XMHZ()|) e +>l
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MBQC: single-qubit gate

—RItclusterREEICSH LT Z(&) = e 42 2 {EAXHE T
XEETHE- {0) e ) EETOHE

V) —9 20 _ Z(©)) — D x
+>$% XMHZ()|) e +>l

m1 my ma
X™HZ(OX™HZ(mX™ HZ(&)|Y)
_ Xtz 7 (<)) HZ (1) ) HZ(€)|4)
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MBQC: single-qubit gate

—RItclusterREEICSH LT Z(&) = e 42 2 {EAXHE T
XEETHE- {0) e ) EETOHE

V) —9 20 _ Z(©)) — D x
+>$% X"HZ(&)|Y) e +>l

m1 my ma
X™HZ(OX™HZ(mX™ HZ(&)|Y)
_ Xtz 7 (<)) HZ (1) ) HZ(€)|4)

AFERRICHEST, n= (1™, = (-1)"(, £l
AERRICEST HZ(OHZMHZ (W) ZERIEN 3.

= X(7)




MBQC: two-qubit gate

‘ Gate te|ep0rtati0n . D. Gottesman and 1. L. Chuang, Nature (London) 402, 390 (1999).

input 1 I f7\X

+ 4
*—o
1
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MBQC: two-qubit gate

‘ Gate te|ep0rtati0n . D. Gottesman and 1. L. Chuang, Nature (London) 402, 390 (1999).

input 1 I f7\X CIEETIL

|+) input1 — H I
|_|_> I input 2 — H

37



MBQC: two-qubit gate

‘ Gate te|ep0rtati0n . D. Gottesman and 1. L. Chuang, Nature (London) 402, 390 (1999).

input 1 Y EIEEETIL
|+) I input1 — H
+) I © ipuz —{H I
input 2 I r7\X
1l
input 1 Ny
+)
+)
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MBQC: two-qubit gate

‘ Gate te|ep0rtati0n . D. Gottesman and 1. L. Chuang, Nature (London) 402, 390 (1999).

input 1 f7\X CIEETIL
|+) I input1 — H I
|_|_> I I input2 —— H

input 2 f?\X

=
1
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MBQC: two-qubit gate

‘ Gate te|ep0rtati0n . D. Gottesman and 1. L. Chuang, Nature (London) 402, 390 (1999).

input 1 f7\X CIEETIL
|+) I input1 — H I
|_|_> I I input2 —— H

input 2 f?\X

=
1

(byproductDEtE)
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MBQC: universal QC
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MBQC: universal QC
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72 7IREBDER (IsingBifH A 1ER)

1,2
U((jz ) =

tHA 1

e~ TN 222~ T D) g 2 7 S AR LT, IsingEl

TR e

R - R T LEOFRERFREICELTWS.

AY I FILFEX T, JI&F DA

Briegel-Raussendorf, Phys. Rev. Lett. 86, 910 (2001).
Raussendorf-Briegel PRL 86 910 (2001);
Raussendorf-Browne-Briegel PRA 68 022312 (2003).
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Bell pair micro-cluster
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| BRY A X0
Bell pair micro-cluster

i % %%:g}%%% divide and
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77 7 RREDER (HESEHIERF)

| BRY A X0
Bell pair micro-cluster

i %%:g}%%% divide and
T : conguer
eI I B IH

) \ O i O i O
brute force Oo—0O i O—0
oO—(O—0O—0O-0

 Nielsen Phys. Rev. Lett. 93, 040503 (2004) — micro-cluster 7 5 X5 —IREE

e Yoran-Reznik Phys. Rev. Lett. 91, 037903 (2003)

e Browne-Rudolph Phys. Rev. Lett. 95, 010501 (2005)— fusion gate

* Duan-Raussendorf Phys. Rev. Lett. 95, 080503 (2005) — cross-strategy

e K. Kieling, T. Rudolph, and J. Eisert Phys. Rev. Lett. 99, 130501 (2007) — percolation
e Matsuzaki-Benjamin-Fitzsimons, Phys. Rev. Lett. 104, 050501 (2010) — tree graph

— JtF%Z FA\L\/z entangling operation(T@E L TWLW 3.
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T27REBOERK (\ZILFZ

FREAREOEBREE ULTEoNNIEA/NX
— EERRREPE

L /ACA
N ’ﬁ‘é\o\
& stabilizer (cluster) Hamiltonian: L”\.«)
Hie =—J» K; i
i

EIEIRREDY cluster state.
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T2 7REDER U\IILKZ7:

FREAREOEBREE ULTEoNNIEA/NX
)

- EEREPHFITINER -
AR
N /5\;\/0\)
& stabilizer (cluster) Hamiltonian: V\[«

H, — —JZKi

EEIREEN cluster state.
H m AAWTZEmI S E, UprH Uy = —JZXQ'

(i,J)€E

—BHEREQOTAVERENFETES.
Raussendorf-Bravyi-Harrington, PRA 71, 062313 (2005);
Barrett et al., PRA 80, 062328 (2009).
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T2 7REDER U\IILKZ7:

FEFEEOESBIREE LTESIEO/NZ <

- EEREPHFITIREE -
AR
N /5\;\/0\)
& stabilizer (cluster) Hamiltonian: k/\[*’

H, — —JZKi

EIEKIREEDY cluster state.
H m AAWTZEmI S E, UprH Uy = —JZXQ'

(i,J)€E

—BHEREQOTAVERENFETES.
Raussendorf-Bravyi-Harrington, PRA 71, 062313 (2005);
Barrett et al., PRA 80, 062328 (2009).

—> LR EBBRIICFHIATERWLESESH?

K. Fujii, Y. Nakata, M. Ohzeki, M. Murao, arXiv:1209.1265
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T27RBOER (\IILEZTF V)

O 2HEEER/NIIIL =Y

IS RAY—IREBIEBBR2E/N\IILNZ7 Y OEREIRREICKRD B,
Nielsen, Rep. Math. Phys. 57, 147 (2006);

Van den Nest et al., PRA 77,012301 (2008): /1/3 :: \\
Chen et al., PRA 83,050301 (2011). N /L ;\\/ﬁ '
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T27RBOER (\IILEZTF V)

O 2HEEER/NIIIL =Y

IS RAY—IREBIEBBR2E/N\IILNZ7 Y OEREIRREICKRD B,
Nielsen, Rep. Math. Phys. 57, 147 (2006);

Van den Nest et al., PRA 77,012301 (2008): /1/3 :\\ )
Chen et al., PRA 83,050301 (2011). NN & .;\\f\)
.
|
- =HRITAF (qudit) 2RIV 5> T )VIRREDF] A

Gross-Eisert, PRL 98, 220503 (2007); Gross et al. PRA 76,052315 (2007).
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T2 7REDER U\IILKZ7:

€ 2FHEAEFRE/NIIILNZ

IR —IRREIFBEM2E/I\II)L 27V OERIRREICKRDER W,
Nielsen, Rep. Math. Phys. 57, 147 (2006);

Van den Nest et al., PRA 77,012301 (2008): /1/3 :\\ )
Chen et al., PRA 83,050301 (2011). NN /\/ .K\,Q\)

- RITTHF (qudit) 25 VT )VIREOFIHA
Gross-Eisert, PRL 98, 220503 (2007); Gross et al. PRA 76,052315 (2007).

dimension (spin) model resource
d=6 (spin-5/2)  |Tri-cluster by Chen et al., PRL ‘09 ground state
d=4 (spin-3/2)  |quasi 1D AKLT by Cai et al., PRA ‘10 ground state
d=4 (spin-3/2) |2D AKLT by Miyake, Ann. Phys. ‘11 ground state
d=4 (spin-3/2) |2D AKLT by Wei et al., PRL ‘11 ground state
d=4 (spin-3/2)  |2D honeycomb by Li et al., PRL ‘11 ground state
d=5 (spin-2) 3D lattice by Li et al., PRL ‘11 thermal state | (T=0.21A)
d=4 (spin-3/2) 3D lattice by Fujii-Morimae, PRA ’12 thermal state | (T=0.18A)
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CAll papers on quantum computing should carry a
footnote: “This proposal, like all proposals for quantum
computation, relies on speculative technology, does not
In its current form take into account all possible sources
of noise, unreliability and manufacturing error, and
probably will not work.” (s. Lloyd Nature 400 720 (1999))

Rolf Landauver @IBM

44



(AII papers on quantum computing should carry a
footnote: “This proposal, like all proposals for quantum
computation, relies on speculative technology, does not
in its current form take into account all possible sources
of noise, unreliability and manufacturing error, and
probably will not work.” (s. Lioyd Nature 400 720 (1999))

Rolf Landauver @IBM

44



(AII papers on quantum computing should carry a
footnote: “This proposal, like all proposals for quantum
computation, relies on speculative technology, does not
in its current form take into account all possible sources
of noise, unreliability and manufacturing error, and
probably will not work.” (s. Lioyd Nature 400 720 (1999))

i =
FrOaHEIVE 1 —Y=EREEDEKDINBER
- NPEEMENZIEXRFE TRIT 5

by A Schonhage “On the power of random access machines.”
ICALP, 520 (1979).

Rolf Landauver @IBM
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Rolf Landauver @IBM

(AII papers on quantum computing should carry a
footnote: “This proposal, like all proposals for quantum
computation, relies on speculative technology, does not
in its current form take into account all possible sources
of noise, unreliability and manufacturing error, and

probably will not work.” (s. Lioyd Nature 400 720 (1999))

(11 =
PO HHEIVE 1 —Y=EREBEDEHRDINEER
SNPEEEENZIEA R CTHIT 5

by A Schonhage “On the power of random access machines.”
ICALP, 520 (1979).
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EDVAC Electric discrete variable automatic computer
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EDVAC Electric discrete variable automatic computer

o g ot i=e« e For the recognition and correction of such
G R malfunctions intelligent human intervention

= will in general be necessary.
- by J. von Neumann (1945)
“First draft of a report on the EDVAC”
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EDVAC Electric discrete variable automatic computer

For the recognition and correction of such
malfunctions intelligent human intervention

will in general be necessary.

by J. von Neumann (1945)
“First draft of a report on the EDVAC”

* 411 04E 1%

J. von Neumann (1956)
_____ “Probabilistic logics and the synthesis of reliable

— organisms from unreliable components”

NAND- =
multiplexing
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E¢sn+§%o)>‘k‘ﬂﬂ H

EDVAC Electric discrete variable automatic computer

multiplexing

For the recognition and correction of such
malfunctions intelligent human intervention

will in general be necessary.

by J. von Neumann (1945)
“First draft of a report on the EDVAC”

* 411 04E 1%

J. von Neumann (1956)
_____ “Probabilistic logics and the synthesis of reliable

— organisms from unreliable components”

* #I50EEE

J. Han and P. Jonker (2003)
“A defect- and fault-tolerant architecture for

nanocesnputers”




E¢sn+§*%d);‘k‘ H

Jie Han and Pieter Jonker
Invent theory of fault-tolerant
nanocircuits that lets these
microscopic networks work even
when they contain defects.

NAND-
multiple:
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SHEEENEFULWCEEZESTRIT DOH?
(human intervention?)
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(human intervention?)
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EFFRICHITEBEDLRIL

<H<H,

- =K

ST 2 ORI S BT ERERES

SSHEHENELWC EEX E SR

I DH?

(human intervention?)

Bl NPIERE (%IEZE

BEFCTED) OTOEFITOK?

FE CEEDY)

A UARY:)

- Z X, NPEBETIREEWGEEIF?
Aspuru-Guzik et al. Science 309, 1704 (2005)
D. Aharonov, et al. arXiv:quant-ph/0702008.
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<H<H,

- STERERDL

- =K

ST 2 ORI S BT ERERES

(human

LW & EDRT DH?

intervention?)

BRI NPRE (ZIEZURFE THEANE L LA
RIAETE D) OTOEXRTOK?

- Z X, NPEBETIREEWGEEIF?
Aspuru-Guzik et al. Science 309, 1704 (2005)
D. Aharonov, et al. arXiv:quant-ph/0702008.
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Zb%b, SHHEITLZ2DOHIRELHIHSEFEIBEEZFED

SSEEENFULWCEZ ESTRT
(human in

D H?
tervention?)

- RAB (L NPERE (ZIENRE TEDIEL LD

BEFCTED) OTOEFITOK?

FZ L. NPRBETIEZWGEE 7

Aspuru-Guzik et al. Science

309, 1704 (2005)

D. Aharonov, et al. arXiv:quant-ph/0702008.

+NASTERKE ULTE, HAHDKE
B~ DERICTHEL TEEDIRSE

ZRIALCTE W&, |

LN CXT T S

BEICDWTERTELEINE,
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- 2B L no-cloning EIEH H 5 1= 6 HEEIEIR

D& SITEREELT 5T EIFHER N,
V) @ |¢) ® |9)
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- 2B L no-cloning EIEH H 5 1= 6 HEEIEIR

DEDICBEHRERT D EFHFKBZW,

L AR Y)
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- 2B L no-cloning EIEH H 5 1= 6 HEEIEIR

DEDICBEHRERT D EFHFKBZW,

P )

- EFEY NOILT—I3EHFILE D BHEIC
HEDRREBICRETZDH?

al0) + (1) — &10) + 5|1)
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ETREEZOLEDE IC—F 20 THAC. EEEEKDY
BETLY A

JWTHRB{ILINL,

0z) — 10) ®10) ® |0

encode

al|0) + B|L)e C?

recovery

0, QI ®I1
«|100) + 3]011)

1) = 1) ® 1) @]1)

> «|000) 4 §|111) € C? @ C* @ C*

T

quantum
error
correction

~

synd rome measurement

RELERREBZBIETTIC
2 Lc_ﬂxh'f“biof:b\%’%ﬂn%.

?(a\lo()} +5\011>)

E ZAIEICK>TE



Stabilizer basis

n qubitRICHBWT, stabilizerBEFDAERTTH nBS5Z 51 7TLY
5&TBE, stabilizerREN—EHICEERINS.
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Stabilizer basis

n qubitRICHBWT, stabilizerBEFDAERTTH nBS5Z 51 7TLY
5&TBE, stabilizerREN—EHICEERINS.

NnEDERTOEEBE 1 TINILEND nBDEFINEE
IFIEFRBEREE & Al 5 — stabilizer basis

Sil\If(Sl,SQ, .. ,Sn)> = (—1)Si|\11(81782, .. .,Sn)> S; € {O, 1}

(stabilizer{KREIL |¥(0,0,...,0)) )
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Stabilizer basis

n qubitRICHBWT, stabilizerBEFDAERTTH nBS5Z 51 7TLY
5&TBE, stabilizerREN—EHICEERINS.

nBOERTTOBEBRE 1 TINILENDS nADEFIREE
IFIEFRBEREE & Al 5 — stabilizer basis

Sil\If(Sl, S2, ..., Sn)> = (—1)82' |\IJ(81, S2,..., 3n)> S; € {O, 1}
(stabilizerik Rl |¥(0,0,...,0)) )

) S, =XX, 8 =227

W(00)) = (100) +11))/v3, (1)) = (|01) +[10))/v2,
W(10)) = (J00) — [11))/v/2, [¥(11)) = (]01) — |10))/V/2
—Bell &K
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Paulif&ADstabilizer basis\ D{EH

H % Paulifd AD stabilizer basis NODERA%ZZE 2 5.
AU (s1,52,...,8,)) =7

AS; = (-1)"" S AT, wEFRITDE, DEDEHBES

u; =0 FJER[AR S u, =1 &5 &,

A(—l)SiSi‘\Ij(ShSQa Sn)>
= (—1)%®" S AU (s, 52,...5,))
= |U(s1 @ u1,52 D Uy, ...5n D Up))
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Paulif&ADstabilizer basis\ D{EH

» % Paulifd AD stabilizer basis N\OIER%=ZZ&ZZ 5.
A|U(s1,82,.-.,8n)) =7

AS; = (-1)"Si AT, wZzEHRI D&, DRDABERS
w; =0 FEAMEAGS u; =1 &3 &,
A(—l)SiSi‘\Ij(ShSQa Sn)>
= (=1)%®% G A|V(sq,s2,...5,))
= |U(s1 @ u1,52 D Uy, ...5n D Up))

DED, BEFS CHARGEETD, o, ICEITIEEE

#7UvT9TD XX Z
ZA +1 71

+1 [(100) +[11)/v2] (|00) — [11))/V2

(101) +[10))/v2[ (]10) —|01))/v/2
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Stabilizer subspace

stabilizer’E B TTDE |Se DY qubit B n K D B/ WGFE
stabilizerikB&id 2"~ 1°¢ RITTOIFHLEME 4 5.

Bl) (XX, ZZ) — [¥(00)) = (|00) + [11))/V2,

XX
Zx +1 -1

+1 [(100) +[11))/v2 ] (|00) — [11))/V2

(|01) +[10))/v2[ (]10) —|01))/v/2
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Stabilizer subspace

stabilizer R ITTDE |Se Y qubit L n £ D BN WGFE
stabilizer{RE& (& 2"~ 1%¢| RITTDEWHLER & 135,

Bl) (XX, ZZ) — [¥(00)) = (|00) + [11))/V2,

S XX ZERTTHSED RS &, XX D
HH{E+1,-1DIREEN & E (Cstabilizer
'U(d? <_7Ld~5.

(Z2Z) — 1]¥(s1,0))} = {/00), |11)}
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Stabilizer subspace

stabilizer R ITTDE |Se Y qubit L n £ D BN WGFE
stabilizer{RE& (& 2"~ 1%¢| RITTDEWHLER & 135,

Bl) (XX, ZZ) — [2(00)) = (|00) +[11))/V2,

SXX EERTNSEDERL E, XX D %
S5 E+1,-1DIRREM & © [Cstabilizer 42
IRRE(C TR D +1 [100) +[11))/v2 | (J00) — [11))/v2

(Z2Z) — 1]¥(s1,0))} = {/00), |11)}

+1 -1

_q 100 +110)/v2] (10} - [01})/v2

ZRNZEEDIETEIE, nEDERTT (E> THREZIEE) HhH4HE

RITZBD RS = fERZEAT D EZEZDETHDPIT W,

’\P(Sl,SQ,...,Sk,0,0,...,O»

—_——
EXD K%?T?’Lf:i)ﬁﬁtlssl(\ifﬁﬁ@_ B¥= )



L /5

iER U e Bl ZEE Z stk 9 )85 T
— stabilizenBE&F & A[#2, H DstabilizerBElCE T NEVVER T
- ZUTENSEREFHISPauliORBEARZHmcINZREDITS

( W (s1,89,...,8,0,0,...,0)) stabilizerlREEH 5EHE )
Z CIC1EH R = A AN A FZIR EEZCHGE

[LA,S;]=0 THhD, L LY = -L7L* %59, L', L7 %,
n—|Sq| BRDIFTL 3,

eg) (Z2)
L+ =XX, LY =1Z

LY DEFREE [00) £[11) LY OEHIRE (00), [11)

eq) Sy = (ZZ1,127)
L = XXX, LY =711
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Stabilizerf&F=

& HEEE (logical basis)
(Sj, (1)L, ,(=1)*L{) IC& > T stabilize &1 ZIREE

logical computational basis |21, ;)L & UTEET 5.
( k=n— ‘SG )
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Stabilizerf&F=

IHEE (logical basis)
(Sj, (1)L, ,(=1)*L{) IC& > T stabilize &1 ZIREE

logical computational basis |21, ;)L & UTEET 5.
( k=n— ‘SG )

¥) L7, L:* |3 logical basis £ Mlogical Pauli operatoric /s> TW 3.
Lg‘ila e 77:]€>L — (_]—)Zk ‘ila e 77:/€>L
Lflzla 77:]€>L — |i17”' 77’j @17 7ik>L

(L7 i inhe) = ~LX (D) lir, - i) = (<12 (L i i)e) )
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Stabilizerf&F=

IHEE (logical basis)
(Sj, (1)L, ,(=1)*L{) IC& > T stabilize &1 ZIREE

logical computational basis |21, ;)L & UTEET 5.
( k=n— ‘SG )

¥) L7, L:* |3 logical basis £ Mlogical Pauli operatoric /s> TW 3.
Lg‘ila e 77:]€>L — (_]—)Zk ‘ila e 77:/€>L
Lflzla 77:]€>L — |i17”' 77’j @17 7ik>L

(L7 i inhe) = ~LX (D) lir, - i) = (<12 (L i i)e) )

eq) (ZZI1,1Z7Z), LY = ZII — |0);, = |000), |1) = |111)
LY = —1)1
Ly 10)r = 1)1
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Stabilizerf&F=

IHEE (logical basis)
(Sj, (1)L, ,(=1)*L{) IC& > T stabilize &1 ZIREE

logical computational basis |21, ;)L & UTEET 5.
( k=n— ‘SG )

¥) L7, L:* |3 logical basis £ Mlogical Pauli operatoric /s> TW 3.
Liliv, - yig)r = (=1)* i1, ig)r
Lflzla 7ik>L — |i17°°' 77’j @17 7ik>L
( LJZ(L}X|21, T 77;7€>L) — _Lf(_l)% |i17 T 7i7€>L — (_1)%@1([’;{'“17 T 7ik>L) )
eq) (ZZI1,1Z7Z), LY = ZII — |0);, = |000), |1) = |111)

Ly1), =—1)r
L310)r, = [1)1

Z N stabilizer F5DEEH |
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error syndrome
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& Pauli T5—:

Input 4 output

bit-flip error: (1 —p)p + pXpX
phase-flip error: (1 —p)p + pZpZ
depolarizing error: (1 —p)p + p/3(XpX +YpY + ZpZ)
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I>—D{ER

& Pauli T5—:
iInput — output
bit-flip error: (1 —p)p + pXpX
phase-flip error: (1 —p)p + pZpZ
depolarizing error: (1 —p)p +p/3(XpX +YpY + ZpZ)

&® Pauli TZ7—ORFFZEREANDIER:
A histabilizer Td 5. logical statez Z{t = 7R\,

A, S;] =0 27Tostabilizer & AT,
A Hllogical operator Td5 5. logical statez Z{t 5.
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I>—D{ER

& Pauli T5—:
iInput — output
bit-flip error: (1 —p)p + pXpX
phase-flip error: (1 —p)p + pZpZ
depolarizing error: (1 —p)p +p/3(XpX +YpY + ZpZ)

&® Pauli TZ7—ORFFZEREANDIER:
A histabilizer Td 5. logical statez Z{t = 7R\,

A, S;] =0 27Tostabilizer & AT,
A Hllogical operator Td5 5. logical statez Z{t 5.

A, S;] # 0 stabilizerd &b & RPIH# — {REEH stabilizer subspace DA (ERFHEZEM) (C
H5.

55



I5—0DEHR

& Pauli T5—:
iInput — output
bit-flip error: (1 —p)p + pXpX
phase-flip error: (1 —p)p + pZpZ
depolarizing error: (1 —p)p +p/3(XpX +YpY + ZpZ)

&® Pauli TZ7—ORFFZEREANDIER:
A histabilizer Td 5. logical statez Z{t = 7R\,

A, S;] =0 27Tostabilizer & AT,
A Hllogical operator Td5 5. logical statez Z{t 5.

A, S;] # 0 stabilizerd &b & RPIH# — {REEH stabilizer subspace DA (ERFHEZEM) (C
H5.

F)  «|000) + B|111) L Z_ ]000) + B|111) FHHM>F

|000) + B|111) kL 1000y — g111) REHENT

«|000) + B[111) A «|001) 4+ B|110) REEN ERMEZERAR
55 Tz,




(1) £ Dsyndrome subspacell KREHY LN D H & & S (= error syndrome %z A1 3)

(2) error syndrome M5 EDKSBIT—HRETWVWEINHEFEL, TIET 5.
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(1) £ Dsyndrome subspacell KREHY LN D H & & S (= error syndrome %z A1 3)

(2) error syndrome M5 EDKSBIT—HRETWVWEINHEFEL, TIET 5.

eq) bit-flip error B3 D DqubitiCHIZICHERT 2 L SHRIGEZE X 5.
H U, error syndrome (+1,-1)D"8 5z & =,
X I1 with probability ~p or IX X with probability ~p2

most likely
\ 1 Z 71 P
o H(+1, +1) H(+1, —1)
000), [111) &40 [100),|011)
177 . luX H(—1,+Iﬁ§(] H(—1,—1)
001),[110) 010), |101)

TS5 —DFEMER p NS FNIET DIRIEIC & - Teffective i TS —FEZARFA T
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Syndrome®;RI7E

» Indirect projective measurement:
AREEME 1 OTILI—NEETFET D, (0)n|y) + |L)mdlw)/V2

+) ? [Ny ]u; -
0)(0] & 1+ 1)(1] @ 4 \+>( ! )|¢>
‘¢>_ A Bl AD+1 DEGIRBEEAD
e EE T

projective measurement of A
B Sy = (Z21,127)

g 10—,
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Stean’s 7-qubit code

1D DqubitiCEAAT 5 Xerror 5 UK & ZerrorzE]IETE 3.

Stabilizer generators: S| = ZIZI1Z1Z 5S4 = XIXIXIX
So =I1L7Z11727 Sy =IXXIIXX
Ss=111Z777 Se = I1TXXXX

Syndrome subspace D& 26=64
errorOFEFE(IE (1+7)(1+7)=64 - ELZIS—HNELZEXBEMICTISLTVS.

—HRIC tBED TS —%ETIET BTchIci

2

=(3)] =

| 1=0

£ =RAZIE (n,1)=(7,1),(23,3)

|+>I~0f7\x |+>r»f7\x |+>mf7\x|+>-1mf7\x +)-e0eel N, |+)-00eel N,
l U

(EEMNBNIE. 5-qubit) °°
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FT Clifford gate

&® CSSHI=Dina

= StabilizerD® X217 DEE ZEE T OBEICHEEE N TWBIE

(i.e., 7-qubit code)

¢
L
®
logical CNOT gate =
(HERD
® 5L XEZDFEMHEIUISEE
H
H
logical H gate =
9 g I

(FERR
@ —EDstabilizerFE=DHE

D. Gottesman, Phys. Rev. A §7, 127 (1998).
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FT syndrome measurement

&€ Shor’s gadget (Cat state):

verification
+) A v cat state
cg\tstant\e‘ D ——y N
§|—‘|->> ! mX 1) : ! ! l X
®
0) ° n\X 0) ¢ O N7
: X D\
. |0)—od——o ® ANy i |O> ........... S < Nz
@)
Q o
@)
2 —o—¢ o — ¢
U O e D
g V. N o i
Q \V o A
L X
D. P. Di1Vincenzo and P. W. Shor, D. P. DiVincenzo and P. Aliferis,

Phys. Rev. Lett. 77, 3260 (1996). Phys. Rev. Lett. 98, 020501 (2007).



FT syndrome measurement

& Steane’s gadget (logical ancilla):

i

VL) i
‘OL> NX,

OL>—O—

X error detection

’OL>i

D
\V

Xr

f7\XL

Or)—e—

Z error detection

A. M. Steane, Phys. Rev. Lett. 78,2252 (1997).



FT syndrome measurement

& Steane’s gadget (logical ancilla):

YL) I ' T <>
‘OL> mXL ’OL> mXL
OL>—O—f7\XL OL>+mXL
X error detection Z error detection

A. M. Steane, Phys. Rev. Lett. 78,2252 (1997).

YU TOFmEIREIZ, TV YVITILAY MNtibEEZEHWT
A=)l ML TV MNCERE (KRBRULTHETNDS)

W. Diir, H. Aschauer, and H. J. Briegel, Phys. Rev. Lett. 91, 107903 (2003).
H. Aschauer, W. Diir, and H. J. Briegel, Phys. Rev. A71,012319 (2005).

K. Fujii and K. Yamamoto, Phys. Rev. A 80, 042308 (2009).
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€ Knill's gadget (tele-correction):

Pr) ~P1Az, | logical Bell
STl I - measurement
ogical Bell ' " I ............. NIX.
state : ’OL> W=

E. Knill, Nature (London) 434, 39 (2005).



FT syndrome measurement

€ Knill's gadget (tele-correction):

VL) ’I“ N7, . logical Bell

logical Bell gHL) I

measurement

--------------------------------------

state

E. Knill, Nature (London) 434, 39 (2005).

& Verified logical cluster state (pre-correction):

O—0—0—-0
AN

Z1n-Zznndlogical qubit
O—0O0—C0O-0

K. Fujii and K. Yamamoto, Phys. Rev. A 81, 042324 (2010).
K. Fujii and K. Yamamoto, Phys. Rev. A 82, 060301 (2010).
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& — & Dnon-Clifford gateH' &% 11IX0K

by Solovay-Kitaev theorem

@ 5% T Y TIREE (magic state) = Z.H 1, non-Clifford
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FT non-Clifford gate

& — & Dnon-Clifford gateH' &% 11IX0K

by Solovay-Kitaev theorem

@ 5% T Y TIREE (magic state) = Z.H 1, non-Clifford
gatehH’ 1-bit tel. (Clifford’E®R) ZHWTEITTE 3.

) —e——/ f(
cos(m/8)|0) + isin(m/8)|1) — e'™/8 |op)

@ HDEEZN\A magic state H’H 1L, Cliffordi EEDH %
-7, BRI magic stateZz distillation T= %

by Bravyi-Kitaev PRA 71, 022316 (2005)

noisy ancilla + Clifford gate = universal
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Surface code (Kitaev’s toric code)

Kitaev, Annals Phys. 303, 2 (2003)
arXi1v:1997
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Surface code (Kitaev’s toric code)
Kitaev, Annals Phys. 303, 2 (2003)

qubit

RRT)L — MEETF-RIEXAE 8 |
XD U BEEFOEEEIE+1 or -1)

b |

IANTOHE, EROBEEFICHTLT
AT = |O), Bw) = |0
% i fc 9 YRBE » surface code JREE




Surface codelkRE

Surface code (Kitaev’s toric code)
Kitaev, Annals Phys. 303, 2 (2003)
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Surface code (Kitaev’s toric code)
Kitaev, Annals Phys. 303, 2 (2003)

qubit
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#qubit = |E'| on NxN torus — 2N>=
#generator = (IF| + VI E} — 2N2-2
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Surface code (Kitaev’s toric code)
Kitaev, Annals Phys. 303, 2 (2003)
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Kitaev, Annals Phys. 303, 2 (2003)
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Surface code (Kitaev’s toric code)
Kitaev, Annals Phys. 303, 2 (2003)
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>y RO—L4L Ocf
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0c] = 0c] DEHEDT T, plX(A)] NEKICKRD K55 .

1

plX (@) =1 -p)F ] (1%}) DHET arg max p|X (¢1)]|oes=oey
l_ C
SDOEDIS—OEH) 2 H"EHEDVHRIBIESICTHIERL .
l

— minimum-weight perfect match algorithm (MWPMA)

E. Dennis, A. Kitaev, A. Landahl, and J. Preskill, J.Math. Phys. 43, 4452 (2002). 14
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logical Z operator
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CNOT by braiding
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Syndrome measurement in 2D
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Syndrome measurement in 2D
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Topological MBQC in 3D
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Chain complex in 3D
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Topological protection in V

unit cell : ¢
3D cluster®stabilizer;&E &+ :

face : f
) e €0 f;

BT OEQUDItICTE T 3 28 E S A H—

ERETFOBZED L,
[ 5(f)= 11 X5 =5
fi€0q; fi€0g;

—RHG?Y A5 —IRREICXTT BXEETDA|
TERSROBENIIA ETOEIT+1




Defect and singular qubit injection

(BicHEI D)

singular qubit
(region §)

region V

— 3D cluster

dual defect
(region D)

primal defect — | .
(region 1)) o ) ' — | - 7

Raussendorf-Harrington-Goyal,
Annals Phys. 321, 2242 (2006).



Error syndrome
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Error syndrome

T 7 —|& primal , dual lattice_E® 1-chain

— Ci,éi

TS —SHOMARERDEMTH ETTS—H

[1] w B
-

- 08 = = ¢
for all ¢; € ¢§5(q), [S(q;), Z(c5)] #0

3D lattice LD MWPM TERDEFJIETE 5.



Noise model & threshold

surface code JREE
(JWIZX,ZTZ—)

(depolarizing error)

10.3 %
(minimum weight-perfect match)

10.9 %
(random bond Ising model)

18.9 %
(random bond Ising model)

Dennis et al.,
J. Math. Phys. 49, 4452 (2002).

Ohzekai,
PRE 79, 021129 (2009).

Bombin et al.,
PRX 2,021004 (2012).

RRBHND /1A XETIL

( data qubit & syndrome qubit )
DMIZICTZ—HEU S

2.9%
(minimum weight-perfect match)

3.3%
(random lattice gauge theory)

Wang-Harrington-Preskill,
Ann. Phys. 303, 31 (2003).

Ohno et al.,
Nuc. Phys. B 697, 462 (2004).

EFERN/ 1 XETIL
(%h%“n@ﬁéﬁ CEE) c& )
CI5—hEL B

2D nearest-neighbor gate: 0.75%
(minimum weight-perfect match)

3D cluster state: 0.67%
(minimum weight-perfect match)

Raussendorf-Harrington-Goyal
NJP 9, 199 (2007).

Raussendorf-Harrington-Goyal
Ann. Phys. 321, 2242 (2006).
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